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FOREWORD 
This interim report  presents a sumnary of the work conducted under 
the f i r s t  three tasks of Contract NAS3-11216, by the Florida Research 
and Development Center of P r a t t  & WhFtney Ai rc ra f t ,  Mr. W.  E. Young, 
Program Manager. The Contract is sponsored by the Lewis Research Center 
of the National Aeronautics and Space Adminis trr t ion,  Cleveland, Ohio, 
and was administered under the technical d i r ec t ion  of the Chemical Rockets 
Division with M r .  D. D. Scheer, Project  Manager. This report  covers 
the period 15 February 1968 t o  15 October 1968. 
ABSTRACT 
A program of a n a l y s i s ,  des ign ,  f a b r i c a t i o n  and t e s t i n g  is  being con- 
ducted t o  develop computer programs f o r  p r e d i c t i n g  rocket  engine turbo- 
pump inducer hydrodynamic loading,  s t r e s s  magnitude and d i s t r i b u t i o n ,  
and v i b r a t i o n  c h a r a c t e r i s t i c s  . This  in te r im r e p o r t  covers t h e  ana ly s i s  
and design po r t i on  of the  program. Methods of p r ed i c t i ng  blade loading,  
s t r e s s ,  and v i b r a t i o n  c h a r a c t e r i s t i c s  were s e l e c t e d  from a  l i t e r a t u r e  
search and used a s  a  b a s i s  f o r  the  computer programs. A t e s t  inducer 
was designed r e p r e s e n t a t i v e  of  t y p i c a l  rocket  engine inducers  and i n s t r u -  
menta t ian  was s e l e c t e d  t o  provide measurements of blade s u r f a c e  p ressures  
and s t r e s s e s  f o r  c o r r e l a t i o n  wi th  the  p r ed i c t i on  system. Subsequent f a b r i -  
c a t i o n  and t e s t i n g  w i l l  be covered i n  the  f i n a l  r e p o r t .  
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SUMMARY 
C a v i t a t i n g  i n d u c e r s  a r e  w ide ly  used i n  r o c k e t  eng ine  turb3pump 
d e s i g n s  t o  p reven t  cav;':tion i n  t h e  pump main s t a g e s .  Th i s  r e s u l t s  
i n  h i g h e r  turbopump o p e l a t i n g  speeds  a n d / o r  reduced pump i n l e t  p r e s s u r e  
requi rements .  Inducer  hydrodynamLc performance can be a c c u r a t e l y  p r e -  
d i c t e d  from e m p i r i c a l  l o s s  a ~ d  e v i a t i o n  d a t a .  The p r e d i c t i o n  o f  ope r -  
a t i n g  s t r e s s e s  p r e s e n t s  a  problem, however, because  (1)  t n e r e  is  a  l a c k  
of  i n fo rma t ion  on b l a d e  p r e s s u r e  l o a d i n g  and (2)  t h e  complexi ty  of  t h e  
i nduce r  b l a d e  shape  p r e v e n t s  s imp le  s t e a d y  and v i b r a t o r y  s t r e s s  a n s l y s i s .  
Consequent ly ,  i nduce r  mechanical  d e s i g n  is u s u a l l y  based on s e v e r a l  
approximat ions ,  w i t h  l i b e r a l  s a f e t y  f a c t o r s  b e i n g  a p p l i e d .  Th i s  approach 
r e s u l t s  i n  r e l a t i v e l y  heavy induce r s  w i t h  u n d e s i r a b l y  t h i c k  b l ades .  
This  s t u d y  was t h e r e f o r e  under taken  t o  p rov ide  a n a l y t i c  t o o l s ,  i n  t h e  
form of  computer programs, f o r  t h s  p r e d i c t i o n  of  (1)  d e s i g n  and o f f - d e s i g n  
h y d r o d y ~ a m i c  b l a d e  l o a d i n g  under  c a v i  t a t i n g  and n o n c a v i t a t i n g  c o n d i t i o n s ,  
(2)  s t r e s s e s  due t o  hydrodynamic and c e n t r i f u g a l  l oad ing ,  and (3 )  b l a d e  
r e s o n a n t  f r e q u e n c i e s  and r e l a t i v e  stress d i s t r i b u t i o n .  The s t u d y  con- 
s i s t s  o f  ( I )  a  l i t e r a t u r e  su rvey  t o  e s t a b l i s h  t h e  c u r r e n t  s t a t e - o f - t h e -  
a r t ,  (2) fo rmula t ion  of computer programs and c o r r e l a t i o n  w i t h  e x i s t i n g  
d a t a ,  (3) d e s i g n  and f a b r i c a t i o n  of  a test  induce r  and tes t  r i g ,  (4) a  
tes' program i n  which b l a d e  p r e s s u r e s ,  r e s o n a n t  f r e q u e n c i e s ,  and s t r e s s e s  
a r e  measured and compared w i t h  p r e d i c t i o n s ,  and (5) development of t h e  
computer programs based on t h e  t e s t  resu l t : .  
The l i t e r a t u r e  su rvey ,  a n a i y t i c  f a r m u l a t i o n s ,  and t e s t  r i g  d e s i g n s  
have been completed and t h e  r e s u l t s  a r e  p re sen ted  i n  t h i s  r e p o r t .  Inducer  
i n t e r n a l  f low was c a l c u l a t e d  from a  mean s t r e a m l i n e  a n a l y s i s  u s i n g  f i n i t e  
i nc remen t s .  S t r e s s  and v i b r a t i o n  c h a r a c t e r i s t i c s  were c a l c u l a t e d  u s i n g  a  
m a t r i x  a n a l y s i s  o f  f i n i t e  t r i a n g u l a r  e l emen t s .  
Computer program p r e d i c t i o n s  were compared w i t h  expe r imen ta l  d a t a  o r  
e x a c t  s o l u t i o n s  f o r  i nduce r  c a v i t a t i n g  and n o n c a v i t a t i n g  performance,  
inducer  r e s o n a n t  f r e q u e n c i e s ,  c a n t i l e v e r e d  p l a t e  r e s o n a n t  f r e q u e n c i e s ,  
i nduce r  s t r e s s  (b l adde r  between b l a d e s ) ,  and f l a t   late stress. The 
c o r r e l a t i o n  was s a t i s f a c t o r y  i n  a l l  c a s e s .  
An induce r  and test r i g  were des igned  w i t h  p r o v i s i o n s  f o r  measure- 
ment of b l a d e  s t e a d y  and v i b r a t o r y  p r e s s u r e s  w i t h  r e s u l t a n t  s t e a d y  and 
v i b r a t o r y  s t r a i n s .  These d a t a  w i l l  l a t e r  be compared w i t h  computer 
program p r e d i c t i o n s  f o r  f u r t h e r  r e f inemen t  of t h e  programs. 
at" -, 
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SECTION I 
INTRODUCTION 
I r ~ d u c e r s a r e u n i v e r s a l l y  used a s  t h e  f i r s t  s t a g e  i n  l i q u i d  r o c k e t  engine 
turbopumps because of t h e  weight r educ t ion  and p e r f o r m a x e  ga ins  they pro- 
vide.  I n d u c ~ > r s  can  o p e r a t e  a t  low i n l e t  p r e s s u r e s ,  reducing t h e  requi red  
p r o p e l l a n t  t*nk p ressure .  Low tank p r e s s u r e s  mean l i g h t e r  p r o p e l l a n t  tanks ,  
A t  t h e  same t ime,  the  inducer  s u p p l i e s  the  main s t a g e  of t h e  turbopump wi th  
a  much h i g h e r  p r e s s u r e  t h a n i s  p o s s i b l e  by tank p r e s s u r i z a t i o n ,  thus a l lowing 
t h e  turbopumps t o  o p e r a t e  a t  much h igher  speeds.  Higher turbopump speeds 
mean l i g h t e r  and more e f f i c i e n t  pumps. A s  might be expected,  t h e  inducer  
must pay t h e  pena l ty  f o r  t h e  advantages r e a l i z e d  by the  engine system, 
Because of t h e  low t ank  p r e s s u r e s ,  t h e  inducer  must o p e r a t e  almost con- 
t inuous ly  i n  a  s t a t e  of p a r t i a l  c a v i t a t i o n  whi le  s t i l l  providing t h e  nec- 
e s s a r y  head r i s e .  When o p e r a t i n g  w i t h  i n l e t  p ressures  high enough t o  pre-  
vent c a v i t a t i o n ,  b lade  s t eady  s t r e s s e s  become severe .  A s  i n l e t  p ressure  
i s  lowered and a  vapor c a v i t y  forms, t h e  s t eady  s t r e s s e s  a r e  reduced. How- 
ever, the  c o l l a p s e  of t h e  vapor c a v i t y  is o f t e n  v i o l e n t  and u n s t a b l e ,  re- 
s u l t i n g  i n  f l u c t u a t i n g  b lade  loads  t h a t  can cause blade  f a t i g u e  f a i l u r e .  
Inducer  hydrodynamic des ign  has  been r e f i n e d  through the  c o r r e l a t i o n  
of  empi r i ca l  d a t a  w i t h  des ign  theory  t o  t h e  p o i n t  where e x c e l l e n t  perform- 
ance, i .e. ,  head r i s e ,  e f f i c i e n c y  and s u c t i o n  c a p a b i l i t i e s ,  can be a c c u r a t e l y  
p red ic ted  and achieved.  However, i n  t h e  a r e a  of mechanical o r  s t r u c t u r a l  
des ign ,  t h e  s t a t e - o f - t h e - a r t  has no t  kep t  pace, and it  is  t h i s  l a c k  of 
advance t h a t  may l i m i t  f u r t h e r  improvements i n  hydrodynamic performance, 
The reason f o r  t h i s  is (1) t h e  i n a b i l i t y  of e x i s t i n g  des ign  t o o l s  t o  
a c c u r a t e l y  p r e d i c t  the blade  loadings t h a t  occur i n  t h e  inducer  from pres -  
s u r e  and c e n t r i f u g a l  f o r c e s  and (2) the  absence of a s a t i s f a c t o r y  method 
of  p r e d i c t i n g  t h e  s t r e s s e s  t h a t  r e s u l t  even were these  f o r c e s  known. As 
a  consequence, t h e  inducer  b lades  must be designed c o n s e r v a t i v e l y ,  i . e . ,  
o v e r l y  t h i c k ,  t o  ensure  t h a t  f a i l u r e  w i l l  n o t  occur dur ing  engine opera t ion .  
The b lade  th ickness  d i r e c t l y  a f f e c t s  t h e  blockage i n  t h e  inducer  i n l e t  and 
is d e t r i m e n t a l  t o  inducer  s u c t i o n  perfornance.  
It was t h i s  d e f i c i e n c y  i n  rocke t  engine inducer  des ign  t h a t  l e d  t o  
the  i n i t i a t i o n  of Coc t rac t  NAS3-11216, "Study of Inducer  Loads and S t r e s s e s  ." 
The o b j e c t j v e  of  t h i s  c o n t r a c t  work i s  t o  develop computer programs t h a t  
can  a c c u r a t e l y  p r e d i c t  inducer  b lade  p ressure  d i s t r i b u t i o n s  and resonant  
f r equenc ies ,  a long wi th  t h e i r  r e s u i t a n t  s t r e s s e s .  The combined analy t f .ca1  
and experimental  e f f o r t  i s  d iv ided i n t o  t h e  fo l lowing s i x  tasks: 
I. L i t e r a t u r e  Survey 
11. Formulat ions of A n a l y t i c a l  Models and Computer Programs 
111. Hydrodynamic and Mechanical Design of Tes t  Inducer  
I V .  Deta i led  Design of T e s t  Inducer 
V .  F a b r i c a t i o n  of T e s t  Hardware 
V I .  Experimental Tes t ing  and Computer Program V e r i f i c a t i o n .  
This i n t e r i m  r e p o r t  covers  t h e  work performed i n  t h e  f i r s t  t h r e e  t a sks  
of t h e  program, t h e  r e s u l t s  of which a r e  d iscussed i n  d e t a i l .  
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SECTION I1 
WORK ACCOMPLISHED 
A. TASK I - LITERATURE SURVEY 
1. General 
A l i t e r a t u r e  survey was conducted t o  de termine  t h e  c u r r e n t  s t a t e - o f -  
t h e - a r t  i n  t h e  fo l lowing a s p e c t s  of  inducer  s t r u c t u r a l  des ign :  
1. Methods used i n  t h e  p r e d i c t i o n  of des ign  and o f f -des ign  
hydrodynamic load ing  under c a v i t a t i n g  and noncav i t a t ing  
cond i t ions  
2. Methods used i n  t h e  p r e d i c t i o n  of  s t r e s s e s  due t o  hydro- 
dynamic and c e n t r i f u g a l  load ing  
3. Methods used i n  t h e  p r e d i c t i o n  of inducer  b lade  resonant  
f r equenc ies  and a s s o c i a t e d  s t r e s s  d i s t r i b u t i o n s  
These methods were s e l e c t e d  based on t h e  fo l lowing c r i t e r i a :  
1. Comprehensiveness - a b i l i t y  t o  account  f o r  important  
phys ica l  c h a r a c t e r i s  t i c s  (geometric and hydrodynamic) 
2. S i m p l i c i t y  - p r a c t i c a l  des ign  t o o l  
3. Success of  s i m f l a r  methods i n  o t h e r  a p p l i c a t i o n s  
4. A v a i l a b i l i t y  of  empir ica l  s u b s t a n t i a t i o n .  
A s  w i l l  be noted i n  t h e  subsequcnt  d i s c u s s i o n ,  i c  became necessary 
o r  d e s i r a b l e  t o  modify some methods and combine a t t r a c t i v e  f e a t u r e s  of  
o t h e r s  t o  more adeaua te ly  s a t i s f y  t h e s e  c r i t e r i a .  
The l i t e r a t u r e  survey was conducted through t h e  l i b r a r y  f a c i l i t i e s  
of United A i r c r a f t  Corpora t ion  and t h e  Defense Documentation Center .  
From t h e s e  sources ,  approximately 1800 a b s t r a c t s  were c o l l e c t e d ,  of 
which over  100 were found t o  be p e r t i n e n t  t o  t h e  work requirements  of 
t h e  program. These s e l e c t e d  a b s t r a c t s  were ca tegor ized  and a r e  presented  
i n  Appendix A under t h e  fo l lowing main headings.  
S e c t i o n  1 - Blade Hydrodynamic Loading Under C a v i t a t i n g  and 
Noncavi ta t ing  Condit ions 
S e c t i o n  2 - Blade S t r e s s e s  ( S t r e s s e s  i n  Curved P l a t e s )  
S e c t i o n  3 - Blade V i b r a t i o n s  (Vibra t ions  of Curved P l a t e s )  
Resumes of those  a r t i c l e s  from which m a t e r i a l  was drawn a r e  p re -  
sen ted  i n  Appendix B.  
2.  Hydrodynamic Loadifi; of Inducer  Blades 
Exact,  approximate, and exper imenta l  methods can  be used i n  d e f i n i n g  
f l ~ w  through inducer  passages.  Examples of each of t h e s e  methods a r e  
presented  below. 
a .  Exact Methods 
Exact methods may employ conformal mapping techniques f o r  so lu t ion  
of the  exact  pote . t t ia1  flow equations.  This type so lu t ion  i s  fo r  i d e a l  
o r  no-loss flow and normally i s  solved only fo r  a two-dimensional flow 
f i e l d .  Examples of so lu t ions  t o  s p e c i f i c  cases have been presented by 
s eve ra l  authors .  Exact so lu t ions  f o r  s i n g l e  'ase flow between f l a t  
p l a t e  cascades was presented by von Karman find Burgers (Reference 1 ) .  
S t r i p l i n g  ant1 Acvsta (Reference 2) extended the  p o t e n t i a l  flow f l a t  p l a t :  
theory t o  ir;clude the e f f e c t s  of cav i t a t i on .  Fan t i  (Reference 3) presents  
the  modified f l a t  p l a t e  theory t o  exac t ly  account f o r  po t en t i a l  flow about 
a i r f o i l s  of' a r b i t r a r y  shape i n  an a r b i t r a r y  cascade. Jakobsen (Ref- 
erence 4) ?r2sznis  the  most general  of the  exact  cascade flaw theory by 
accounting for .;arying a l r f o i ' l  shape and complete cav i t a t i on .  However, 
he only presel,c-. so lu t ions  f o r  f l a t  p lu tes  and c i r c u l a r  a r c  a i r f o i l s .  
b. Approxina t e  Methods 
The term "approximate method" used here r e f e r s  t o  n~ethods t h a t  give 
an approximete a n a l y t i c a l  desc r ip t ion  of a three-dimensional flow f ie1 , : .  
These methods could be divided i n t o  two subgrorips r e f e r r ed  t o  a s  three-  
dimensional end quasi-three-dimensional methods. A three-dimensional 
approximatt: method may employ a numericcl! r e l axa t ion  o r  f i n i t e  d i f fe rence  
s o l u t i o n  of the  p o t e n t i a l  flow equatimls.  A quasi-three-dimensional 
so lu t ion  may involve e i t h e r  a two-dimensional f i n i t e  d i f f e r ence  so lu t ion  
t o  the  bas ic  flow equations wi th  an assumed s o l u t i o n  i n  the  t h i r d  dimen- 
s i o n  o r  a one-dimensional so lu t ion  with  assumed so lu t ions  i n  the o the r  
two d imens ions . 
The f i n i t e  d i f fe rence  so lu t ion  of the  basic  flow equations is  a 
standard method. This type so lu t ion  ilas been usc 1 by S t a n i t z  (Reference 5), 
S tockman (Reference 6) , and Cooper (Reference 7) among o thers .  S t a n i  t z  
and Stockman present  quasi-three-dimensional so lu t ions  whereas Cooper pre-  
s e n t s  both three-dimensional and quasi-three-dimensional so lu t ions .  Loss 
ca l cu l a t i ons  can e a s i l y  b t  incorporated i n t o  methods involving a f i n i t e  
d i f f e r ence  so lu t ion  of a p o t e n t i a l  flow f i e l d .  This type so lu t ion  app l i e s  
equa l ly  wel l  t o  e i t h e r  c a v i t a t i n g  or noncavitat ing flow. 
The most general  type so lu t ion  between the  exact  and approximate so lu-  
t i o n s  is the three-dimensional approximate so lu t ion  because of i t s  a b i l i t y  
t o  descr ibe  completely a flow f i e l d  i n  th ree  dimensions, including the 
e f f e c t s  of three-dimensional flow, c a v i t a t i o n  and flow losses .  It was 
found, however, i n  Reference 7 t h a t  use of a three-dimensional approxi- 
mate model ( re fe r red  t o  a s  "exact" i n  t h a t  rccerence) required such l a rge  
q u a n t i t i e s  of computer t i m e  t h a t  it would no t  be p r a c t i c a l  t o  consider 
i t  f o r  use i n  the  present  inducer s t r e s s  design system. A quasi - three-  
dimensional s o l u t i o ~  was found t o  execute much more r ap id ly  on the com- 
pu te r ,  as s t a t e d  i n  Reference 7 .  It i s  noted, however, t h a t  i n  models 
such a s  t h i s  o m ,  flow incidence e f f e c t s  on blade loading i n  the  region 
of the  blade leading edge have not  always been proper ly  considered. 
Therefore,  i n  the  hydrodynamic por t ion of the  Task I1 e f f o r t  the  quasi -  
three-dimensional ana lys i s  was used f o r  def in ing  the  flow f i e l d  wi th in  
the  inducer passage while using the  r e s u l t s  of exac t  p o t e n t i a l  flow solu- 
t i ons  f o r  def in ing  the flow f i e l d  on and near the  blade leading edge. The 
complete hydrodynamic model w i l l  so lve  both c a v i t a t i n g  and noncavi ta t ing 
flow problems accounting f o r  leading edge/£ low incidence e f f e c t s  and in -  
t e r n a l  flow losses .  
c .  Experimental Methods 
Experimental methods i n  general  r e l y  heavi ly  on p a r t i c u l a r  t e s t  
r e s u l t s  f o r  use i n  ana lys i s .  Although these  techniques a r e  genera l ly  
l e s s  complex i n  na ture ,  t h e i r  uses a r e  r e s t r i c t e d  t o  s p e c i f i c  machines 
and flow condi t ions .  Because of these r e s t r i c t i o n s  these  methods were 
no t  considered f o r  use as  p red ic t ion  methods i n  t h i s  program. However, 
they may be usefu l  l a t e r  i l  Task I1 f o r  making comparisons between the 
loadings predicted by the computer program and experimental da ta .  
3. S t r e s se s  and Vibrations i n  Inducer Blades 
S t r e s s e s  and v ib ra t ions  i n  inducers wi th  idea l ized  geometry such a s  
constant  h e l i x  angle ,  hub diameter,  and blade thickness can probably be 
determined by c l a s s i c a l  methods s i m i l a r  t o  those discussed by Wan (Refer- 
ence 8),  Reissner (Reference 9 ) ,  and Knowles (Reference l o ) .  Varying 
geometry t h a t  i s  used i n  conventional inducers would prevent the  use of 
c l a s s i c a l  methods because of the  increase  i n  the  number of va r i ab l e s ,  and 
approximate numerical methods a r e  the  only p r a c t i c a l  a l t e r n a t i v e .  A su r -  
vey of the  l i t e r a t u r e  i nd i ca t e s  t h a t  matr ix  ana lys i s  of f i n i t e  elements 
should be appl icab le  t o  ihe  inducer problem, us ing e x i s t i n g  d i g i t a l  com- 
puter  techniques. 
I n  the  f i n i t e  element ana lys i s ,  the  o b j e c t  i s  divided i n t o  polygonal 
elements, usua l ly  rectangles  o r  t r i a n g l e s ,  and i n t e r n a l  d i s t r i b u t e d  forces  
a r e  replaced by s t a t i c a l l y  equivalent  fo rces  a t  element nodes. By se l ec -  
t i o n  of appropr ia te  displacement polynomials, the  s t i f f n e s s  matrix,  which 
a s soc i a t e s  the  nodal fo rces  wi th  nodal displacements, can be obtained. 
This mat r ix  depends upon the  geometry of the  element, and f o r  the  inducer,  
s e l e c t i o n  of a base element i n  the shape of a f l a t  t r i a n g l e  would be 
p r a c t i c a l .  The change i n  the  d i r e c t i o n s  of the  normals of these base 
elements w i l l  then account fo r  blade curva tt.lre. Techniques fo r  handling 
t r i angu la r  elements t h a t  a r e  va r i ab l e  i n  d i r e c t i o n  a r e  discussed by 
Argyris  f o r  elements under memb-sane loading (Reference 11) and McGrattan 
and North (Reference 12).  Although the  l a t t e r  paper involves v ib ra t ions ,  
i t s  app l i ca t ion  t o  elements i n  t h ree  dimensions is pe r t i nen t  t o  the in -  
ducer s t r e s s  program. 
a .  S t r e s s e s  i n  Inducer Blades 
S t i f f n e s s  matr ices  f o r  t r i a n g l e s  can be obtained by d i r e c t  methods, 
a s  discussed by Turner, Clough, and Topp (Reference 13) ,  o r  by conven- 
t i o n a l  s t r a i n  energy methods a s  discussed by Utku (Reference 14) and 
o thers .  An a n a l y t i c a l  expression f o r  the  s t i f f n e s s  mat r ix  of an a r b i -  
t r a r i l y  shaped t r i a n g l e  is  very cumbersome and i t  is  more p r a c t i c a l  t o  
ob ta in  i t s  numerical elements on a computer by considerat ion of the  
s t r a i n  energy. This  matr ix  w i l l  y i e ld  the  r e l a t i o n  between nodal fo rces  
and displacements assoc ia ted  wi th  the  t r i a n g l e .  Because of blade curva- 
t u re ,  normals of the  base t r i angu la r  elements w i l l  no t  l i e  i n  the  same 
d i r e c t i o n  and the  s t i f f n e s s  matr ices  must be transformed t o  correspond 
t o  a  common d i r e c t i o n .  This technique is d i scussed  i n  d e t a i l  i n  Ref- 
erence  11. Af ter  they a r e  transformed, the  summation of nodal f o r ce s  t o  
z e ro  and the equa t ing  of nodal displacements a t  common nodes y i e l d s  a  s e t  
of simultaneous displacement equat ions .  The values  f o r  displacements a r e  
then used t o  determine s t r e s s e s .  Ex te rna l  load cond i t ions  i n  t h i s  ins tance  
a r e  p ressure  loading and c e n t r i f u g a l  loading.  
b.  Vibra t ions  of Inducer Blades 
A f t e r  t he  s t i f f n e s s  mat r ix  is obta ined,  the  frequency equa t ion  and 
nodes can be obta ined by cons ide r a t i on  of  t he  mat r ix  equat ion of motion 
a s  d iscussed by McGrattan and North (Reference 12) .  This  w i l l  involve a  
determinat ion of t h e  f l e x i b i l i t y  ma t r i x ,  which can be obta ined by inver -  
s i o n  of the  s t i f f n e s s  mat r ix  on the computer. 
S imi l a r  means have been used by d i v i s i o n s  of United A i r c r a f t  Corpora- 
t i o n  t o  c a l c u l a t e  f requenc ies  and node shapes f o r  r a d i a l  impe l le r s .  
Resu l t s  agree  w e l l  w i th  experimental  t e s t  d a t a .  
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B. TASK I1 - FORMULATION OF COMPUTER PROGRAMS 
1. Computer Program f o r  Pred ic t ing  Hydrodynamic Loading Under Cavi ta t ing 
and Noncavitating Conditions 
a. Introduction 
To p r e d i c t  inducer blade s t r e s s e s  under c a v i t a t i n g  and noncavi ta t ing 
condi t ions ,  i t  is  f i r s t  necessary t o  ob ta in  the  pressure  d i s t r i b u t i o n  
on the  sur faces  of the  blades.  The pressure  d i f f e r e n t i a l  across  the  
blade causes a normal fo rce  c a l l e d  the hydrodynamic loading. I f  t h i s  
information is ava i l ab l e  from t e s t s ,  then the  hydrodynamic loading can 
be combined with the c e n t r i f u g a l  loading on the  blades t o  p red ic t  the  
blade s t r e s s e s .  
This t e s t  information is usua l ly  not  ava i l ab l e .  I t  is known, however, 
t h a t  a l a rge  proport ion of the blade s t r e s s  i n  inducers is caused by the  
hydrodynamic loading. Therefore,  i t  i s  e s s e n t i a l  t h a t  accurate  methods 
f o r  p red ic t ing  the  blade hydrodynamic loadings be used. A t  present ,  there  
a r e  no known accurate  methods ava i l ab l e  f o r  ca l cu l a t i ng  pressure d i s  t r i -  
but ions  on the  blade su r f ace .  A s  a pa r t  of Task 11, a computer program 
f o r  the  pred ic t ion  of hydrodynamic loading, under c a v i t a t i n g  and noncavi- 
t a t i n g  condi t ions ,  has been formulated and programed. 
b ,  Desc r ip t ion  of A n a l y t i c a l  Model 
(1)  Basic Flow Model 
The b a s i c  flow model s e l e c t e d  a s  a  r e s u l t  of t h e  Task I1 l i t e r a t u r e  
survey is a  mean s t r e a m l i n e ,  two-dimensional mer id ional  flow model. 
It is assumed t h a t  the  average flow c o n d i t i o n s  i n  t h e  b lade- to-blade  
space can be represen ted  on a  mer id ional  s u r f a c e  s o  t h a t  only  a  two- 
dimensional ,  s t r e a m l i n e  ba lancing r e l a x a t i o n  a n a l y s i s  is requ i red  t o  
e s t a b l i s h  mean v e l o c i t i e s ,  p r e s s u r e s ,  and flow a n g l e s .  
The r e l a t i o n s h i p  f o r  the  ang le  of the  flow r e l a t i v e  t o  the  b lade  
ang le  and the  flow path  hub and t i p  contour  a r e  e s t a b l i s h e d  by a p p r o p r i a t e  
assumptions concerning the  d e v i a t i o n  causeci by i n l e t  loading ( inc idence)  
and t r a i l i n g  edge unloading (normally c a l l e d  the  d e v i a t i o n ) .  Another 
d e v i a t i o n  of the  flow ang le  from t h e  b lad ing  ang le  is caused by the  forma- 
t i o n  of a c a v i t y .  
Superimposed upor-L t h e  mer id ional  flow i s  an assumed form of s o l u t i o n  
f o r  t h e  b lade- to-blade  flow cond i t ions .  I n  t h e  s e l e c t e d  model, i t  is 
assumed (1) t h a t  the  p r e s s u r e  d i f f e r e n t i a l  a c r o s s  the  flow passage ( i . e . ,  
from b lade  t o  b l a d e )  can be determined b y  t h e  conse rva t ion  of angular  
momentum of the  f l u i d  flow and (2)  t h a t  t h e  average flow cond i t ions  a r e  found 
from t h e  mer i d i o n a l  a n a l y s i s .  
(2 )  Viscous E f f e c t s  
The e f f e c t s  of v i s c o s i t y  inc lude  (1) boundary l a y e r  growth, which 
tends  t o  block t h e  flow passage t o  change t h e  work inpu t  c a p a b i l i t y  
of t h e  inducer  and i n c r e a s e  t h e  e x i t  dumping l o s s ,  and (2)  f r i c t i o n  
on t h e  w a l l s  of t h e  flow passage,  which reduces t h e  bulk o r  f r ees t ream 
t o t a l  p ressure .  Thus, the  v i s c o s i t y  of the  f l u i d  a f f e c t s  both t h e  head 
i n p u t  and head ou tpu t .  
(3) C a v i t a t i o n  E f f e c t s  
A second non idea l  f l u i d  c h a r a c t e r i s t i c  is t h e  v a p o r i z a t i o n  of t h e  
f l u i d  when t h e  l o c a l  p r e s s u r e  reaches  s a t u r a t i o n  p ressure .  I n  t h e  se- 
l e c t e d  model, it is assumed t h a t  t h e  f l u i d  w i l l  vapor ize  whenever t h e  
f l u i d  reaches  some c r i t i c a l  va lue  of p r ~ r s s u r e ,  Furthermore, t h i s  value 
is assumed t o  be  c o n s t a n t  and equa l  t o  t h e  e q u i l i b r i u m  s a t u r a t i o n  p res -  
s u r e  of t h e  bu lk  f l u i d  a t  t h e  i n l e t  t o  t h e  inducer .  There are no e f f e c t s  
of t r a n s i e n t  h e a t  t r a n s f e r  processes  o r  of l o c a l  subcool ing  of t h e  l i q u i d  
t o  suppress  t h e  c a v i t a t i o n .  
The assumption is made t h a t  t h e  l i q u i d  and vapor a r e  separa ted  by 
c e n t r i f u g a l  e f f e c t s  both  i n  t h e  rneridional  s u r f a c e  and i n  t h e  b lade- to-  
b lade  s u r f a c e  (due t o  flow curva tu re ) .  Thus, t h e  c a v i t a t i o n  model in-  
c o r p o r a t e s  t h e  concept  of a d i s t i n c t  vapor c a v i t y  d i s p l a c i n g  an  o the rwise  
incompressi 'ble l i q u i d .  (See f i g u r e  1. :) Because t h e  vapor merely d i s p l a c e s  
t h e  l i q u i d  i n  t h e  flow model it is assumed t h a t  t h e  a c t u a l  b lade  can be  
re r ' aced  by a pseudo-blade c o n s i s t i n g  of t h e  real b l a d e  p l u s  t h e  c a v i t y .  
The b lade  ang le  i:; r ep laced  by t h e  mean ang le  of  t h e  pseudo-blade; i .e., 
t h e  
d i s c  
"dev 
average of the  r e a l  b lade  angle  and t h e  a n g l e  of t h e  s u r f a c e  of 
o n t i n u i t y  between t h e  vapor and t h e  l i q u i d .  This  then produces a  l o c a l  
~ i a t i o n "  caused by c a v i t a t i o n ,  which w i l l  add t o  t h e  mean d e v i a t i o n  due 
t o  l ead ing  edge loading and t r a i l i n g  edge unloading.  It w i l l  be shown 
l a t e r  t h a t  t h i s  e f f e c t  tends  t o  unload t h e  b lade  whenever the  flow c u r v a t u r e  
becomes too severe  f o r  t h e  a v a i l a b l e  l o c a l  p r e s s u r e  above s a t u r a t i o n  
p ressure .  
- Blade 
/ 
/ / / / / / /E// / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / ,  f / /, Liquid 
Figure  1. D i s t i n c t  Vapor Cavi ty  Forms Dur i rg  C a v i t a t i o n  
c .  Discuss ion  of Basic Re la t ions  
(1) Geometric Re la t ions  
The informat ion  about  t h e  geometry of t h e  inducer  r equ i red  ' t o  begin  t h e  
a n a l y s i s  inc ludes  t h e  flowpath inner  and o u t e r  r a d i i  v e r s u s  a x i a l  d i s t a n c e  
and some d e s c r i p t i o n  of t h e  b lade  ang le  ( @>k) and th ickness  ( t )  d i s -  
t r i b u t i o n s .  I n  t h e  model s e l e c t e d ,  it is assumed t h a t  one s u r f a c e  of 
t h e  inducer  b l a d e  is  generated by a s t r a i g h t  l i n e  ( g e n e r a t r i x )  pass ing  
through t h e  hub and t i p  r a d i i  given p rev ious ly .  The o t h e r  s u r f a c e  i s  
assumed t o  be generated by a s t r a i g h t  l i n e  i n c l i n e d  a t  some ang le  (7  - t h e  
t a p e r  angle)  and d i sp laced  same d i s t a n c e  ( t h e  b lade  th ickness )  wi th  r e -  
s p e c t  t o  t h e  o t h e r  g e n e r a t r i x  ( f i g u r e  2 ) .  To a l low f o r  nonrad ia l  element 
b lad ing ,  it is  assumed t h a t  t h e  product of r a d i u s  (R) times t h e  tangent  of  
t h e  b lade  a n g l e  v a r i e s  l i n e a r l y  from t h e  v a l u e s  f o r  t h e  hub and t i p .  Thus, 
* % - R  
R t a n  @* = % t a n  flT - % - ' k   ta tan fl: - %tan 
from which t h e  l o c a l  va lue  of fl* can b e  found fo r  any value  of R. 
The loca l  hlade thickness may be obtained from the  given blade t i p  
thickness ( tT )  and the taper  angle (7) : 
r (RT - R) 
t X t T +  
cos X L 
where XL i s  the angle of lean of the  genera t r ix  measured from a v e r t i c a l  
l i n e  (See f i g u r e  2. ) 
Section Along 
Generatrix 
I- %- 
Meridional Surface 
Figure 2.  Thickness D i s t r i bu t ion  of Typical  Blade FD 258724 
The d i s t ance  between sur faces  of adjacent  blades (measured i n  the  
circr  .nferent ia l  d i r ec t ion )  is  given by 
where is the  spacing and Nb is the  number of blades.  
Although the  flow i n  an inducer i s  pr imari ly  a x i a l ,  the hub or  t! p 
contour o f t en  has a varying r ad ius .  The s t reamlines  then may be Corccd 
t o  change radius  and, because of the  inducer r o t a t i o n  a t J u t  i ts  a x i s ,  
Cor io l i s  force: w i l l  cause blade pressure loading. I t  is assumed t h a t  
the  change i n  s lopes  of the  hub and t i p  contours w i l l  be gradual s o  
t h a t  the  angle of the  s t reamline across  the  flow path w i l l  vary l i n e a r l y  
with rad ius  from the  value a t  the  hub (%) t o  the  va lue  a t  the  t i p  (%). 
Thus, 
The hub and t ~ p  va lues  a r e  found from t h e  inpu t  v a l u e s  f o r  the  r a d i u s  
and  a x i a l  d i s t a n c e  (2) : 
AR t a n  3 
(2)  Flow Re la t ions  
The v e l o c i t y  diagram a t  any p o i n t  i n  t h e  flow is  shown i n  f i g u r e  3. 
From trigonometry 
V = W  = W s i n B  
m m 
Wu = W cos  0 
v,, = U - Wu 
(I Arc t an  (V,JVU) 
The r e l a t i v e  flow ang le  ( B )  is found from t h e  b lade  angle  and t h e  
d e v i a t i o n  angle  a t  any p o i n t  
The r e l a t i v e  flow v e l o c i t y  (W) is found from the volumetr ic  flow (Q) 
and the  flow a rea  normal t o  the  flow d i r e c t i o n  (A) 
where : 
and 1' is t h a t  p o r t i o n  of the  c i rcum2eren t i a l  d i s t a n c e  between two b lades  
t h a t  i s  cccupied by l i q u i d ,  and Ay is t h e  v e r t i c a l  d i s t a n c e  between 
s t r e a m l i n e s .  (See f i g u r e  4 ) .  The v a l u e  of T i s  ob t s ined  by a d j u s t i n g  e 
t h e  geometric b lade  spaciug (T)  by t h e  boundary l a y e r  displacement  t h i c k -  
nees  (J*) and the  vapor c a v i t y  h e i g h t  (b) , measured c i r c u m f e c e n t i a l l y :  
The f a c t o r  of two on b* accounts  f o r  l a y e r s  on t h e  s u r f a c e s  of both 
bf ades ,),.unding f he flow channel ,  i .e . ,  t h e  s t ream tube .  
Blockage due t o  hub end shroud s u r f a c e  boundary l a y e r s  i s  accounted 
f o r  by reducing t h e  hub and t i p  s t ream tube h e i g h t s  (Ay) by t h e i r  r e s p e c t i v e  
d isplacement  th ickness ,  b *: 
Figure 3. Typica 1 Velocity Diagram FD 25809 
Figure 4. Schematic of Flow Passage 
(3) Deviation 
It is  assumed t h a t  the  flaw w i l l  tend t o  follow the  mean d i r e c t i o n  
of the  passage formed by the  bfadea (or by the  pseudo-blades), However, 
because of f l u i d  i n e r t i a ,  changes of angle a t  the leading and t r ; l l l i n g  
edges, required t o  s a t i s f y  boundary condi t ions ,  cannot take place discon- 
t inuously.  Therefore,  r e l a t i o n s  f o r  the  d i s t r i b i t i o n  of dev ia t ion  angle 
i n  terms of i n l e t  and e x i t  boundary values must be eutabl ished.  The 
method se l ec t ed  i s  based on the  exact  ana lys i s  of a two-dimensional, 
nonstaggered f l e t  p l a t e  cascade. 
(a) Leading Edge Loading 
Refer to the flow conditions shown in figure 5. The relation for 
the component of velocity normal to the blades (V,) is found from complex 
transformation to be: 
u sin no iv = JEX~ (2h/7) -1 
where i = (imaginary) and z is the complex coordinate, z = x + iy 
r Blades 
Figure 5. Semi-Infinite Cascade FD 25810A 
The ratio of this velocity (V) to the through-f low velocity is the 
tangent of :he local flow direction. Evaluating this at the mid-stream 
position (z = x + iy/2), the distribution of deviation angle (6) is 
found to be 
tan a. tan 6 = (8) 
fi + EXP (2m1~) 
For the staggered cascade, the normal spacing is TsinB* and the 
distance x is measured along the mid-stream locus as m. Thus 
tan a. tan b = I 
dl 4- Exp (Mrnl? sin o*) 
It is interesting to note that as m increases an approximation of 
this ezpression is 
tan 6 = tan a, Exp (-mn/~ sin #*) 
This i s  the  same form of exponential  decay found i n  ac tua to r  d i sk  
theory f o r  the  v a r i a t i o n  of s t reamline s lope  upstream and downstream 
of a blade row. A p l o t  of the  r a t i o ,  t an  b l t an  ao, versus m / r n  
(where Tn = 7 s i r  b*) i s  shown i n  f i g u r e  6. Note t ha t  a t  a  d i s tance  of 
one normal gap (m/'fn = 1) the  r a t i o  is only 0.04; t h a t  i s ,  approximately 
96% of the  upst rean incidence has been taken ou t .  This i nd i ca t e s  t h a t  
blade hydrodynamic loading due t o  flow incidence w i l l  decay i n  approxi- 
mately one normal gap measured from the leading edge along the  mid- 
passage. This leading-edge dev ia t ion  i s  designated by subsc r ip t  a s  61. 
Figure 6.  Exponential Decay of Deviation Angle FD 25569 
(b) T r a i l i n g  Edge Unloading 
Because of boundary layer ,  blade th ickness ,  and c a v i t a t i o n  e f f e c t s ,  
the  flow a f t  of the  blade t r a i l i n g  edge w i l l  have a r e l a t i v e  flow angle 
(8) d i f f e r e n t  from the  blade angle (b*) a t  the  t r a i l i n g  edge. Figure 7 
i l l u s t r a t e s  the  e f f e c t  of "dumping" the  flow downscream of the  blades .  
Because angular  momentum is  conserved, the  tangent ia l  component of absolute  
ve loc i ty  (Vu) remains constant  whi le  t he  a x i a l  component (Vm) decreases 
s o  t h a t  0 i s  reduced, c r ea t ing  a deviat ion.  Because of f l u i d  i n e r t i a ,  
t h i s  dev ia t ion  cannot occur discontinuously.  Therefore,  an exponential  
decay of deviation (d2) a s  a funct ion of d i s tance  from t h e  t r a i l i n g  edge 
i s  used. The value of e x i t  dev ia t ion  is  t r e a t e d  a s  analagous t o  the  
i n l e t  incidence,  a. . 
Inside Blade Row 
-- - - After Blade Row 
Figure 7 .  Inducer Exi t  Velocity Diagrams FD 256428 
(c) Deviation ~ u e  t o Cavi ta t ion  
In the  concept of t he  s e l ec t ed  model, c a v i t a t i o n  causes a  change i n  
the  "effect ive"  blade angle .  I n  t h i s  sense,  the  c a v i t y  forms pa r t  of a  
pseudo-blade r a t h e r  than causing deviat ion,  i . e . ,  
where 6/9* is  one-half the  s lope of the  vapor c a v i t y  sur face  r e l a t i v e  t o  
t he  r e a l  blade. However, f o r  reference purposes t h i s  dev ia t ion  is con- 
s idered  as  a  p a r t  of the  t o t a l  deviat ion:  
Deviation = p* - f l  = bl 4- b2 4- Q@* 
(4) Radial Equilibrium 
The flow i n  t he  inducer must s a t i s f y  equil ibrium of r a d i a l  momentum. 
The s t a t i c  pressure  (P) wi th in  each stream tube is  found from the  
Bernoul l i  equation 
where Porel is the  l o c a l  t o t a l  r e l a t i v e  pressure  and p is the f l u i d  
dens i ty . 
The r a d i a l  g rad ien t  of s t a t i c  pressure  fo r  each stream tube can be 
found from conservation of momentum i n  the r a d i a l  d i r e c t i o n .  There a r e  
two e f f e c t s  causing a r a d i a l  pressure g rad ' zn t  - f i r s t ,  the  r o t a t i o n  of 
the  inducer causes a  c e n t r i f u g a l  pressure grad ien t  
S u b s t i t u t i n g  V u  = U - Wu = O R  - W cos 8 ,  where o i s  r o t a t i o n a l  ve loc i ty ,  
P (wR - W cos 8 9  
R 
Secondly, the  change i n  r a d i a l  ve loc i ty  ( i . e . ,  s t reamline curvature)  
causer a  r a d i a l  pressure grad ien t :  
where dm is the  element of path length.  Subs t i t u t i ng  Vm = W s i n  0,  
The t o t a l  pressure grad ien t  i s ,  therefore:  
- 0 c0sm2 
= '[e" d0 w sin* s i n e  @ dm R -&sine  o  m - g 
(5) Streamline Relaxation 
The r a d i a l  pos i t i on  of each s t reamline a t  each a x i a l  s t a t i o n  is 
determined by s a t i s f y i n g  the  condi t ion of r a d i a l  equi l ibr ium wi th  the  
l e a s t  e r r o r  o r  by an e r r o r  l e s s  than some tolerance l e v e l .  The e r r o r  
i n  loca l  s t a t i c  pressure  grad ien t  is found by comparing the  ca lcu la ted  
dP/dr wi th  the  f i n i t e  d i f f e r ence  value determined from adjacent  stream tubes:  
AP dP Error  = - - - A d r  
where 
AP = P(1) - P(1-1) 
and 
Ar = R(1) - R(1-1) 
The root-mean-square e r r o r  of a l l  s t ream tubes is  computed and minimized 
by i t e r a t i n g  on t h e  p o s i t i o n  of the  s t r e aml ine s .  The p o s i t i o n s  ( i n  
percent  of passage he igh t )  a r e  co r r ec t ed  by a smal l  incremental  s t e p  i n  
the  d i r e c t i o n  determined by the e r r o r  i n  p ressure  g r ad i en t s  of t he  s tream 
tubes above and below each s t reaml ine .  The s i z e  of  the  incremental co r -  
r e c t i o n  i s  reduced a f t e r  a f ixed  number of i t e r a t i o n s  t o  improve the  
accuracy.  A l i m i t  i s  placed on t he  t o t a l  number of i t e r a t i o n s  t o  l i m i t  
computing time. 
(6) Blade Loading 
A f t e r  t h e  r a d i a l  p o s i t i o n s  of the  s t reaml ines  a r e  loca ted  through t he  
r e l a x a t i o n  procedure,  t he  mer id ional  s o l u t i o n  a t  the  a x i a l  s t a t i o n  is 
completely determined. Then i t  i s  pos s ib l e  t o  superimpose a s o l u t i o n  
f o r  t h e  b lade- to-blade  p ressure  d i f f e r e n c e .  This  p ressure  d i f f e r e n c e ,  
measured i n  the c i r cumfe ren t i a l  d i r e c t i o n ,  i s  a l s o  the  blade hydrodynamic 
p ressure  loading,  APb. The value  of APb is found from conservat ion  of 
angular  momentum o f  t he  f l u i d  between any two a x i a l  s t a t i o n s .  The t o t a l  
b lade  p ressure  fo rce  i n  t he  t a n g e n t i a l  d i r e c t i o n  is :  
F = (llPb) (Ay cos 9) (Am s i n  B*) l,b (17) 
The moment arm is  the  r a d i u s  R .  Therefore ,  the  torque i s :  
T = F R = (APb) (Ay cos \Ir) (Am s i n  6") (Nb) (R) (18) 
From E u l e r ' s  turbomachinery equat ion,  t he  change i n  f l u i d  angular  momentum 
is equal  t o  t h i s  torque 
The c o n t i n u i t y  o f  mass i s  given by 
1;1 = p a y  cos  \Ir) ( 7 s i n  B) (W) (Nb) 
S u b s t i t u t i n g  f o r  i and T, t he  momentum equa t ion  reduces t o  
PW 7 s i n  6 , A(RVU) Apb = - R s i n  B* Am 
I f  the  increment Am is taken smal l  enough, 
S u b s t i t u t i n g  Vu =WR - W cos 0 
and 
d V ~  W R  
- = - + W  s i n 0  dW dm dm dm dm - cos @ - 
then 
d(RV ) u dW 
dm = (1*1( - w cos 6) + WR s i n  0 - R cos - dm dm dm (23) 
and 
Fac to r ing  out  s i n  and no t ing  t h a t  
1 dR 
- - -  
- s i n  9 
. s i n  /3 dm 
and d iv id ing  through by the  r e l a t i v e  dynamic p ressure  (q) 
where 
then,  "'b - 2 1 s i n 2 6  - cos B s i n *  + dJ - c o t  6 d ~ ]  (25) - -  
q s i n  R dm W dm 
The f i r s t  term i n s i d e  t he  brackets  r ep r e sen t s  the  b lade  loading caused 
by C o r i o l i s  f o r ce s .  The second term d e r i v e s  from curva tu re  of t he  flow 
i n  abso lu t e  space about  t he  a x i s  a t  cons t an t  r e l a t i v e  ang le  ( P ) .  The 
t h i r d  t e r c  r ep r e sen t s  the  con t r i bu t i on  o f  flow curvature? due t o  the  r a t e  
of change of t h e  r e l a t i v e  flow d i r e c t i o n .  The l a s t  term i s  t h e  con t r ibu-  
t i o n  of  mean d i f f u s i o n  t o  the  t a n g e n t i a l  loading APb. For inducers  wi th  
low blade  camber (dpldm = 0) and a x i a l  flow ( s i n  # = 0) , the  l a s t  term w i l l  
dominate and p r ima r i l y  determine t h e  b lade  hydrodynamic loading.  
(7 )  I n l e t  and E x i t  Ca lcu la t ions  
Spec ia l  i n l e t  c a l c u l a t i o n s  a r e  requ i red  t o  e s t a b l i s h  s t reaml ine  loca-  
t i o n s ,  inc idence  ang les ,  and o the r  r e l a t i v e  i n l e t  cond i t ions .  An e x i t  
s t a t i o n  downstream of t he  blade t r a i l i n g  edge is included t o  eva lua t e  
e f f e c t s  of dumping of  the  flow and t o  provide e x i t  p ressures  and v e l o c i t i e s  
f o r  performance eva lua t ion .  
(8) Performance Ca lcu la t ions  
The o v e r a l l  performance c a l c u l a t i o n s  inc lude  mass average and r a d i a l  
d i s t r i b u t i o n  of  performance parameters such a s  work i npu t ,  head r ise,  
and e f f i c i e n c y .  Other p e r t i n e n t  parameters ,  such a s  NPSH, Reynolds 
number, suc t i on  s p e c i f i c  speed, f law c o e f f i c i e n t ,  and head c o e f f i c i e n t  
a r e  included i n  t he se  c a l c u l a t i o n s .  
(9) Boundary Layer Ca lcu la t ions  
A s imple tu rbu len t - f l aw,  ze ro-pressure -grad ien t ,  boundary l aye r  model 
is used t o  determine the  va lues  of boundary l a y e r  displacement th ickness  
(6") and s k i n  f r i c t i o n  c o e f f i c i e n t  ( f ) .  I t  is  assumed t h a t  t he r e  is 
l i t t l e  secondary flow i n  t he  inducer s o  t h a t  migra t ion  of t he  boundary 
l aye r  flow from the  p ressure  s u r f a c e  t o  the  suc t i on  su r f ace  i s  no t  s i g -  
n i f i c a n t .  The va lues  of  b* and f  a r e  based on the  l o c a l  mean v e l o c i t y  
(W) and the  d i s t a n c e  from t h e  l ead ing  edge (~n). 
a* = 0.04625 (m) (R%) - 115 ( 2 6 )  
where Rem is  the  length  Reynolds Number. 
(10) Loss sys'tem 
The l o s s  'system cons ide rs  two causes of l o s s e s  i n  t o t a l  r e l a t i v e  
p ressure  between any two ad jacen t  a x i a l  s t a t i o n s :  
(a)  The l o s s  due t o  s k i n  f r i c t i o n  
where W.P. i s  t h e  per imeter  of the  wet ted  su r f ace .  For the  hub o r  t i p  
s tream tubes ,  t he se  per imeters  inc lude  t h e  hub o r  shroud su r f ace s  be- 
tween blades  i n  a d d i t i o n  t o  the  b lade  w a l l s .  A l l  o the r  s tream tubes 
have only the  b lade  w a l l s  a s  wetted su r f ace s .  For t h e  t y p i c a l  inducer ,  
t he  v e l o c i t y  g r ad i en t  between stream tubes should be low enough t h a t  
v iscous  o r  Reynolds s t r e s s e s  between s t ream tubes a r e  low compared wi th  
t h e  w a l l  s t r e s s e s .  T h i s  i s  t r u e  because the  boundary l ayer  th ickness  
normally is  smal l  compared w i th  t he  he igh t  of t he  hub o r  t i p  s tream 
tubes.  
(b) The l o s s  due t o  d i f f u s i o n  
Whenever the  v e l o c i t y  g r ad i en t  (dW/dm) i s  nega t ive ,  t he  l o s se s  w i l l  
i n c r ea se  due t o  increased boundary l a y e r  momentum th ickness .  This  con- 
ce ivab ly  could be handled by a more complex boundary l aye r  model, i n -  
c lud ing  e f f e c t s  of p ressure  g r ad i en t .  A s impler  approach, s e l e c t e d  f o r  
the p resen t  model, i s  t o  use  d i f f u s e r  empi r i ca l  l o s s  d a t a ,  and t o  express  the  
g r ad i en t  i n  terms of a  l o c a l  equ iva len t  d i f f u s i o n  ang le ,  6eq ( i n  degrees)  
The p ressure  l o s s  f o r  a  d i f f u s e r  i s  u sua l l y  expressed a s  
A 2 
= f q  - .+] 
9 ou t  
S u b s t i t u t i n g  W / W '  = A /A i-. ou t '  
where W '  i s  the  value  of  r e l a t i v e  v e l o c i t y  a t  t he  previous a x i a l  s t a t i o n ,  
The func t ion  f  (aeq) i s  determined from empi r ica l  da t a  (SAE Aerospace Applied 
Thermodynamics Manual, Sec t ion  1) : 
(11) Re l a  t ions f o r  Cav i t a t i on  
I n  the  p resen t  flow model, c a v i t a t i o n  i s  handled through the  concept 
of  a  d i s t i n c t  vapor c a v i t y  forming on the  s u c t i o n  s u r f a c e  of the b lade .  
A s  d iscussed above, t h i s  c a v i t y  tends t o  a c t  a s  a  pseudo-blade, d i s -  
p lac ing  t he  flow and al lowing i t  t o  t u r n  more g r adua l l y ,  I t  i s  t h i s  
more gradual  tu rn ing  t h a t  a l lows the  p ressure  a t  the  vapor - l i q u i d  i n t e r -  
f a ce  ( i . e . ,  the  "suct ion  su r face"  of t he  pseudo-blade) t o  be equal  t o  
the  s a t u r a t i o n  p ressure .  I f  t h e  blade loading i nc r ea se s  due t o  increased 
inc idence ,  o r  i f  the s t a t i c  p ressure  decreases  due t o  decrease  i n  i n l e t  
p r e s su re ,  then the  c a v i t y  should grow and assume a shape s o  t h a t  the  
11 suc t i on  su r face"  p ressure  w i l l  e'ways equal  s a t u r a t i o n  p ressure .  
S t r i p l i n g  and Acosta (ASME Paper No. 61-WA-98) have solved t he  prob- 
l i m  of two-dimensional, p lane ,  f l a t  cascade p o t e n t i a l  flow wi th  a  f r e e  
s t r e aml ine ,  a long which t h e  p ressure  is  equa l  t o  s a t u r a t i o n  p ressure .  
The s o l u t i o n  f o r  the  d e t a i l e d  shape of t h e  c a v i t y  involves complex 
v a r i a b l e s .  However, the  s o l u t i o n  f o r  the  maximum c a v i t y  he igh t  (ho) and 
the  d i s t a n c e  from the leading edge t o  t he  po in t  of  maximum he igh t  (c)  a r e  
e a s i l y  ob ta ined .  These r e l a t i o n s  have been taken d i r e c t l y  from S t r i p l i n g  
and Acosta and a r e  included i n  t he  engineer ing formulat ion of t he  program 
(Appendix C) . 
A simple shape which can be used t o  approximate t h e  s o l u t i o n  of 
S t r i p l i n g  and Acosta i s  the  c i r c r ~ l a r  a r c  shown i n  f i g u r e  8 .  The c i r c u l a r  
a r c  passes through t h e  l ead ing  edge arid t he  po in t  of maximum he igh t  
( c ,  ho) .  The l o c a l  he igh t  (h) i s  expressed f u n c t i o n a l l y  a s  
where the  r ad iu s  of t he  c i r c u l a r  a r c ,  Rc, is expressed f u n c t i o n a l l y  a s  
The s l ope  of t h e  c a v i t y  r e l a t i v e  t o  t he  blade is dh/dm. This  i s  r e l a t e d  
t o  t h e  c o r r e c t i o n  of  b lade  angle  f o r  t he  pseudo blade ,  a s  d iscussed i n  
paragraph Blc (3c) above: 
Blade 
Co 
Figure  8. C i r c u l a r  Arc Cavi ty  Shape FD 25870A 
The flow model of S t r i p l i n g  and Acosta does no t  involve the  c a v i t y  
pa s t  t h e  po in t  of maximum he igh t .  For the  p resen t  inducer flow model, 
i t  i s  assumed t h a t  the  c o l l a p s e  of t he  c a v i t y  beyond t h i s  po in t  i s  
symmetrical wi th  the  growth of the  c a v i t y  ahead of t he  maximum po in t .  
An exponent ia l  smoothing func t ion  is used i n  t he  v i c i n i t y  of t h e  po in t  
of co l l ap se  of the  c a v i t y  t o  avoid a  d i s c o n t i n u i t y  of e f f e c t i v e  blade 
angle .  
d.  Typical  Resu l t s  of Analyses 
(1) T e s t  Cases 
I n  t h i s  s e c t i o n ,  t y p i c a l  r e s u l t s  from t h e  hydrodynamic a n a l y s i s  program 
w i l l  be presented  f o r  four  s e p a r a t e  test ca se s .  Two of  the  test cases  
were used f o r  v e r i f i c a t i o n  of t h e  flow model ope ra t i ng  under noncav i ta t ing  
cond i t ions ,  and the  o t h e r  two cases  were used i n  eva lua t i ng  the  model 
dur ing  c a v i t a t i n g  o pe ra t i on ,  The test  cases  were a s  fol lows:  
1, Noncavi t a  t i ng  
a .  Paddle wheel 
b .  NASA 12-deg (0.21-rad) h e l i c a l  inducer (NASA TND-,1170) 
2. Cavi t a  t ing  
a .  Cav i t a t i ng  f l a t  p l a t e  cascade 
b . NASA 12-deg (0.21-rad) h e l i c a l  inducer  (NASA TND-1170) 
(2) Noncavita t i n g  T e s t  Cases 
(a)  Paddle Wheel 
The purpose of t h i s  t e s t  case  was t o  s e l e c t  a  s imp l i f i ed  geometry t h a t  
would al low s o l u t i o n  of the  r a d i a l  momentum d i f f e r e n t i a l  equat ion by 
d i r e c t  i n t e g r a t i o n ,  r e s u l t i n g  i n  an exac t  express ion  f o r  the  r a d i a l  
p ressure  and a x i a l  v e l o c i t y  d i s t r i b u t i o n s .  D e t a i l s  of  t he  paddle wheel 
geometry and ope ra t i ng  cond i t ions  a r e  shown i n  f i g u r e  9. 
GEOMETRY 
1. To Scale 
2. Zero Blade Thickness 
OPERATING CONDITIONS 
1. Noncavi tat i ng 
2. No Inlet Deviation 
3. No Exit Deviation 
4. Nonviscous Flow 
Figure  9 .  Paddle Wheel Geometry and Operat ing Condit ions FD 25899 
A comparison of the  exac t  a n a l y t i c a l  and program ca l cu l a t ed  r a d i a l  
p ressure  p r o f i l e  i s  shown i n  f i g u r e  10. A s  t h i s  f i g u r e  shows, the  program 
r e s u l t s  a r e  i n  complete agreement w i th  t he  exac t  ana l y t i c a l  s o l u t i o n .  The 
conclus ion drawn from t h i s  col~ipsrison i~ t h a t  t h e  s t r e aml ine  balance 
procedure a s  used by t h e  hydrodynamic program opera tes  a s  des i red  i n  
s a t i s f y i n g  r a d i a l  equi i rbr ium.  
Figure 10. Paddle Wheel Test Case - Radial Equilibrium FD 25397 
I t  would be d e s i r a b l e  a s  a  next  s t e p  i n  the  noncavitai:ing a n a l y s i s  
t o  compare the  a c t u a l  measured blade s u c t i o a  and pressure  su r f ace  s t a t i c  
pressure8 f o r  a  given geometry w i th  those c a l c u i a i e d  us ing t he  hydrodynamic 
program. Unfor tunate ly ,  a ccu ra t e  da t a  of t h i s  type a r e  no t  a v a i l a b l e .  
The next  b e s t  method of demonstrat ing noncav i ta t ing  program r e l i a b i l i t y  
would be the  prograrn's a b i l i t y  t o  p r e d i c t  inducer performance, inc lud ing  
r a d i a l  d i s t r i b u t i o n  of  the  e x i t  parameters.  
(b) NASA 12-deg (0.21-rad) Inducer (NASA TND-1170) 
Se l ec t i on  of t h i s  inducer f o r  a i d ing  i n  program checkout was based 
upon the  a v a i l a b i l i t y  of an ex tens ive  arnount of noncavita  t i n g  t-s t d a t a .  
This  inducer i s  a l s o  bel ieved t o  be t y p i c a l  of most inducer  des igns  and, 
t he r e fo r e ,  would provide a reasonably  r igorous  checkout of program capa- 
b i l i t y .  
Noncavitat ing inducer performance was i nves t i ga t ed  f o r  s e v e r a l  flow 
c o e f f i c i e n t s ,  r e s u l t i n g  i n  d i r e c t  performance comparisons a s  we l l  a s  com- 
par isons  i n  r a d i a l  d i s t r i b u t i o n  f o r  s eve ra l  important e x i t  flow parameters .  
These comparisons a r e  i n d i v i d u a l l y  d iscussed below. 
(1) Overa 11 Performance 
a )  Head vs Flow (- 
A head-flow curve,  p l o t t e d  a s  head c o e f f i c i e n t  a s  a  func t ion  of 
flow c o e f f i c i e n t ,  i s  shown i n  f i g u r e  11. Close agreement between 
the  experimental  aad t he  p red ic ted  program r e s u l t s  is shown. Some 
dev i a t i on  between thc  experimental  and t ne  p red ic ted  program r e s u l t s ,  
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Figure  11. NASA 12-Degree Inducer Noncavitat ing Head FD 25808 
Coe f f i c i en t  vs  Flow Coe f f i c i en t  
appearing a t  the  lower flow coe f r i c i en t s ,  i s  believed t o  be the r e s u l t  
of flow separa t ion  in  the ac tua l  case  occurring both along the hub a t  t h e  
e x i t  and along the t i p  a t  the  i n l e t .  This r e s u l t s  i n  increased flow 
losses  and decreased work i n  the  a c t u a l  case ,  which appear in  t h e  f ~ r m  
of decreased head c o e f f i c i e n t  . 
(9 Eff ic iency vs Flow 
Figure 1 2  shows a comparison between the experimental and c:alculated 
inducer e f f i c i c n c i e s  a s  a funct ion ol the  average i n l e t  flow c o e f f i c i e n t .  
Experimental data  s c a t t e r  prevents drawing any d e f i n i t e  conr lus ions  o ther  
than t h a t  the  program p red ic t s  the  inducer e f f i c i ency  wi th  reasanable 
accuracy. 
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Figure 12 .  NASA 12-Degree Inducer Woncavitating Eff ic iency 
vs Flow Coef f ic ien t  
(2) Radial D i s  tr ibu t  ron 
(aJ Exi t  Deviation 
Of primary importance i n  p red ic t ing  inducer performance is the  a b i l i t y  
t o  accura te ly  p red ic t  e x i t  flow deviat ion.  I n  general ,  inducers a r e  low 
head r i s e  machines having low angle blading.  Consider, f o r  example, the  
NAEA 12-deg (0.21-rad) inducer p resen t ly  being discussed,  which is typ i ca l  
of many inducer designs.  If we look a t  a typic81 e x i t  ve loc i ty  t r i a n g l e  as  
shown i n  f i g u r e  13, it becomes obvious t h a t  minor discrepanci ,-  GS i n  the  
dev ia t ion  angle can r e s u l t  i n  l a rge  va r i a t i ons  i n  f l u i d  t a ~ g e n t i a l  veloc- 
i t y ,  Vu. For zero i n l e t  prewhir?, the  i d e a l  head r i s e  is proportionc:l t o  
V,. From t h i s ,  i t  i n  seen t h n t  small  e r r o r s  i n  dev ia t ion  can r e s u l t  i n  
l a r g e r  e r r o r s  i n  i d e a l  (and, there fore ,  ac tua l )  head r i s e .  
U = Constant 
Vm = Constant 
W; = W. + Avy 
A 8 = A (Deviation) 
/ 
Figure 13. Typical Inducer Exi t  Velocity Tr iangle  FD 25871 
Figure 14 i s  an i l l u s t r a t i o n  of the  r a d i a l  d i s t r i b u t i o n  of e x i t  devia- 
t i o n  angle.  A s  t h i s  f i gu re  shows, good agreement between experimental and 
a n a l y t i c a l  r a d i a l  d i s t r i b u t i o n s  of e x i t  dev ia t ion  was achieved. This type 
of agreement is r e f l e c t e d  i n  the  c lose  comparison between the experin,ental 
and program values of average head c o e f f i c i e n t .  Again, the  ca lcu la ted  
deviat ion agrees more c lo se ly  wi th  t he  flow c o e f f i c i e n t  of 0.157 than with  
the  lower flaw c o e f f i c i e n t ,  0.147. 
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Figure 14. NASA 12-Degree Inducer Exi t  Deviation Angle 
vs Radius 
(b) I d e a l  To t a l  Head Rise Coe f f i c i en t  
I dea l  h e a d . r i s e  c o e f f i c i e n t  a s  a  func t ion  of radi .11~~ i s  shown i n  
f i g u r e  15. The l a r g e s t  d i f f e r e n c e s  between the  expel imenta l  and t he  pro- 
gram va lues  of i d e a l  head r i s e  c o e f f i c i e n t  occur a t  the hub where the  
lowest a c t u a l  head r i s e  occurs.  For t h i s  reason,  r e l a t i v e l y  l a r g e  l o c a l  
d i sc repanc ies  i n  i d e a l  head r i s e  c o e f f i c i e n t  can occur near  the  hub 
wi thout  s i g n i f i c a n t l y  a f f e c t i n g  o v e r a l l  o r  mass-average inducer perfo-  - 
ance.  
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Figure 15. NASA 12-Degree Inducer I d e a l  To ta l  Head Rise FD 25400 
Coef f i c i en t  vs Radius 
(cJ Tota l  Head Loss Coe f f i c i en t  
To t a l  head l o s s  c o e f f i c i e n t ,  5 is mathematical ly def ined a s :  
3 = Loss i n  T o t a l  Re l a t i ve  Head 
I n l e t  Re l a t i ve  Dynamic Head 
It is  a  measure of r e l a t i v e  t o t a l  head l o s s  r e s u l t i n g  from dumping and 
i n t e r n a l  flow lo s se s .  
F igure  16 s h m s  t h i s  l o s s  c o e f f i c i e n t  a s  a  f unc t i on  of r ad iu s .  Again, 
c l o s e  agreement between t h e  experimental  and t h e  p red ic ted  program vqlues 
occurs  nea r  t h e  inducer t i p  whi le  agreement decreases  a s  the  hub i s  
approached. 
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Figcre 16. NASA 12-Degree Inducer Tota l  Head Loss 
Coef f ic ien t  vs Radius 
I n  the  present  l o s s  system, an approximation i n  wetted perimeter wi thin  
the  blade passage a t  the hub and t i p  is based Gn a mean-height stream tube 
width ins tead  of the  a c t u a l  hub and t i p  passage wldths. This a f f e c t s  both 
the  hub and the  t i p  wetted perimeter,  increasing t h e  wetted perimeter a t  
the  hub and decreasing i t  s l i g h t l y  a t  the  t i p .  Correct ing the wetted 
perimeter f o r  the  ac tua l  passage width w i l l  r e s u l t  i n  a decrease i n  the 
flow losses  along the  hub and an increase  a t  the  t i p .  The r e l a t i v e  
e r r o r  i n  the  wetted perimeter and, hence i n  the  s k i n  f r i c t i o n  lo s se s ,  
i s  more s i g n i f i c a n t  a t  the  hub than a t  the  t i p .  This i s  becaust thz  
r e l a t i v e l y  l a rge  r ad ius  r a t i o  (meadinner)  of the  hub stream tube r e -  
s u l t s  i n  an appreciable  d i f fe rence  between the  mean stream tube width 
and the  ac tua l  stream tube width a t  the  hub. The mean stream tube 
width f o r  t h e  t i p  is  a reasonable approximation f o r  c a l c u l a t i n g  the  
wetted perimeter because of the  small rad ius  r a t i o  of the t i p  stream 
tube.  
(dJ Actual Tota l  Head Rise Coef f ic ien t  
The a c t u a l  t o t a l  head rise is equal  t o  the  .dea l  head r i s , ~  minus the ! 
head losses .  F .gure 17 shows the  v a r i a t i o n  of t o t a l  head r i s e  c o e f f i c i e n t  
wi th  inducer rad ius .  Very c lo se  agreement occurs between the  experimental 
and the  predic ted values not  only a t  the  c ip ,  but  a l s o  a t  the  hub. Close 
agreement a t  t he  hub is  p a r t i a l l y  because of the  o f f s e t t i n g  of high pre- t 
d ic t ed  i d e a l  head rise with  high predic ted flow losses .  I f  the  flaw losses  
had no t  o f f s e t  t h e  high predic ted i d e a l  head r i s e ,  t he  mass averaged 
a c t u a l  head would s t i l l  have agreed very w e l l  wi th  the  experimental value.  
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Figure 17. NASA 12-Degree Inducer Actual  To t a l  Head 
Rise Coe f f i c i en t  vs Radius 
(g) Ef f i c i ency  
E f f i c i ency  i s  merely a  r a t i o  of the a c t u a l  t o  the  i d e a l  head r i s e .  
I f  the  p red ic ted  a c t u a l  and the  i d e a l  head rise agree  w e l l  w i th  d a t a ,  i t  
is  expected t h a t  e f f i c i e n c y  w i l l  a l s o  agree  we l l .  Th i s  i s  i l l u s t r a t e d  
i n  f i g u r e  18. 
(f) Axial  Ve loc i ty  
Figure 19 i l l u s t r a t e s  t he  agreement between the  c a l c u l a t e d  and the  
t e s t  va lues  of a x i a l  v e l o c i t y  (flow c o e f f i c i e n t )  a t  t h e  e x i t .  Good agree-  
ment he re  demonstrates  c o r r e c t  r a d i a l  d i s t r i b u t i o n  of boundary l aye r  
blockage and flow l o s s e s .  The cond i t i on  of r a d i a l  equ i l ib r ium r e s u l t s  
i n  t h e  c o r r e c t  r a d i a l  d i s t r i b u t i o n  of a x i a l  v e l o c i t y  only i f  t h e  t o t a l  
r e l a t i v e  p ressure  and flow a r ea  a r e  d i s t r i b u t e d  c o r r e c t l y .  
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Figure 18.  NASA 12-Degree Inducer Efficiency vs Radius FD 25401 
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Figure 19.  NASA 12-Degree Inducer Outlet Flow 
Coefficient vs Radius 
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(3) Cavi ta t ing  Test  Cases 
(a)  Cavi ta t ing F l a t  P l a t e  Cascade 
I n  paragraph Blc( l1)  above, the method of t r e a t i n g  the  cav i ty  shape 
t h a t  i s  based on the  work of S t r i p l i n g  and Acosta was discussed.  I n  the  
referenced ASME paper (No. 61-WA-112), the  authors  presented p lo t s  o f  cav i ty  
shape f o r  s p e c i f i c  i n l e t  condi t ions .  Figure 20 compares the  c i r c u l a r  
a r c  approximation from the  a n a l y t i c a l  model and the exac t  so lu t ion  of the  
au thors .  The agreement subs t an t i a t e s  the  v a l i d i t y  of the  c i r c u l a r  a r c  
c a v i t y  approximation, a t  l e a s t  up t o  the  point  of maximum cav i ty  height .  
Incidence = 6 deg (0.105 rad) 
Cavitation Parameter = 
0 Program Results With 
Circular Arc Cavity / I 1  
0.3 
Figure 20. F l a t  P l a t e  Cascade Cavi ta t ion  Test  Case FD 25395 
Stripling and Acosta 
(1) NASA 12-deg (0.21-rad) Inducer (Cavita t ing)  
I 
Blade Angle = 15 deg (0.263 rad) 
(& I l l u s t r a t i o n  of Head Breakdown 
Figure 21 i l l u s t r a t e s  the  e f f e c t  of the  n e t  pos i t i ve  suc t ion  head 
(NPSH) on the  inducer average head c o e f f i c i e n t .  This f i g u r e  demonstrates 
the  a b i l i t y  of the  hydrodynamic program t o  p r e d i c t  head breakdown o r  
head f a l l - o f f .  
The data  shown here  a r e  f o r  an i n l e t  flow c o e f f i c i e n t  of 0.147 and 
c o n s i s t  of only four  t e s t  points .  The a n a l y t i c a l  p red ic t ion  contains  
an abrupt increase  i n  head c o e f f i c i e n t  j u s t  p r i o r  t o  complete head break- 
down. The increase  occurs when the  cav i ty  f i r s t  reac'lhes, and then pro- 
g resses  beyond, the  blade t r a i l i n g  edge and is caused by the  sudden 
increase  i n  the  e f f e c t i v e  blade e x i t  angle. Although t h i s  type of 
- .  
abrupt  inc rease  i n  head c o e f f i c i e n t  has been measured i n  o the r  inducers ,  
i t  is  d i f f i c u l t  to  determine whether any abrupt  inc rease  a c t u a l l y  occurred 
i n  the  measured d a t a .  In  any event ,  i t  is bel ieved t h a t  the  sudden in-  
c r ea se  p red ic ted  by the  program i s  u n r e a l i s t i c  and should be e l imina ted ,  
poss ib ly  by a b e t t e r  smoothing func t ion  on e f f e c t i v e  b lade  angle.  P r e f -  
e r ab ly ,  some improvement i n  the  c a v i t y  shape model behind the  po in t  of  
maximum he igh t  would provide a smoother t r a n s i t i o n .  
It should be  noted t h a t  t h e  NPSH a t  complete head breakdown ( i . e . ,  
choking) p red ic ted  by t he  program agrees  very  we l l  wi th  the  t e s t  va lue ,  
I 1 I I 1 1 I I I I I 4 
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Figure  21. NASA 12-Degree Inducer Head Coe f f i c i en t  
vs  Net P o s i t i v e  Suct ion Head 
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The o v e r a l l  head r i s e  o f  a n  inducer  opera t ing  under varying flow 
cond i t ions  ( c a v i t a t i n g  and noncav i ta t ing)  can be recorded i n  nondimen- 
s i o n a l  form. Figure  22 i l l u s t r a t e s  t h e  o v e r a l l  head r i s e  performance of 
the  NASA 12-deg (0.21-rad) inducer recorded i n  t h e  form \I'/\l'(noncavitating) 
a s  a  func t ion  o f  c a v i t a t i o n  parameter,  k .  A s  shown i n  t h i s  f i g u r e ,  t h e  
hydrodynamic program v e r y  c l o s e l y  agrees  w i t h  the  nondimens iona 1 overa 11 
head r i s e  performance measured over a  wide range of operat i i lg cond i t ions  
and c l o s e l y  p r e d i c t s  the  po in t  of complete head breakdown. The sudden in -  
c r ea se  i n  head c o e f f i c i e n t  appearing i n  f i g u r e  21 and discussed above is 
omit ted from f i g u r e  22. 
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Figure 22. NASA 12-Degree Inducer Cavi ta t ing  Performance FD 25399 
e .  Future Developments 
It i s  an t i c ipa t ed  chat i n  Task V I  information w i l l  be ,?btained from 
the  t e s t i n g  t h a t  w i l l  e i t h e r  s u b s t a n t i a t e  thc present  model or  lead t o  
. , 
improvements. I n  p a r t i c u l a r ,  the blade pressure  d i s t r i b u t i o n s  w i l l  pro- 
vide a  bas i s  f o r  determining the  dev ia t ion  angles and the  ex ten t  and 
shape of the cav i ty .  These pressure  loadings can be used t o  so lve  the 
i n d i r e c t  flow problem and determine the  shape of the  l i qu id  flow passage. i 
Fr3m khis,  the  cav i ty  shape can be d ~ d u c e d .  ! 
Improvements i n  t he  dev ia t ion  angle  and boundary l aye r  blockage would 4 
improve the  agreement between the ca lcu la ted  and the  test values of f 
v e l o c i t i e s  and angles ,  a s  shown i n  the  previous s ec t ion  f o r  the  NASA t 
12-deg (0.21-rad) inducer. Development of t h e  l o s s  system should include 
a  more accura te  es t imate  of the  d i f f u s i o n  i ~ s s e s .  This might be accom- 
I 
pl ished through the  use of a  boundary l aye r  model t h a t  includes the  in -  I d 
f luence of pressure  grad ien ts .  3 
Fina l ly ,  the  input-output  information and format should be arranged 
t o  provide t h a t  a  minimum of work is required t o  t r a n s l a t e  information 
from the hydrodynamic ana lys i s  t o  t h e  s t r e s s  ana lys i s .  
2. Computer Programs f o r  Pred ic t ing  S t r e s s e s  and Vibrat ion Character is-  
t i c s  of Inducer Blades 
a. Int roduct ion 
Computer programs f o r  de te rn~in ing  stress and v ib ra to ry  c h a r a c t s r i s -  
t i c s  i n  three-dimensional inducer blades  have been developed. 
34 
The programs a r e  based on the matrix displacement method using 
d i s c r e t e  f l a t  t r i angu la r  elements t o  def ine  the  blade sur face .  
The inducer blade middle sur face  i s  generated by a skew l i n e  t h a t  
moves a t  a  f ixed  d i s t ance  from the a x i s  of the inducer.  The numerical 
(x ,y ,z )  coordinates  of t h i s  sur face  a r e  thus d i r e c t l y  defined by the 
wrap angle 0 and e l eva t ion  of the generat ing l i n e .  This s ~ r f a c e  i s  then 
replaced by f l a t  t r i angu la r  elements t h a t  a r e  joined a t  the  v e r t i c e s  o r  
nodes t h a t  l i e  on the sur face .  The curvature  of the sur face  i s  thus 
approximated by the  change i n  d i r e c t i o n  of the normals t o  the t r i a n g u l a r  
elements. Each element has a l o c a l  rec tangular  coordinate  system 
( i i , y , z )  assoc ia ted  with i t .  Displacement func t ions ,  which a r e  expressed 
i n  terms of l oca l  coord ina tes ,  y i e ld  s t i f f n e s s ,  c e n t r i f u g a l  load,  pres-  
sure  load,  and i n e r t i a  matr ices  expressed i n  terms of general ized nodal 
fo r ce s  and general ized nodal displacsments.  
For the s t r e s s  program, these matrices a r e  f i r s t  transformed t o  a 
common rec tangula r  coordinate  system. Assembly of these  matr ices ,  by 
s a t i s f y i n g  compat ib i l i ty  and equi l ibr ium a t  common nodes and boundary 
condi t ions ,  y i e ld s  a s e t  of simultaneous equat ions  w i t h  nodal d i sp lace-  
ments a s  unknowns. Displacements t h a t  s a t i s f y  t h i s  s e t  of equations a r e  
then used t o  c a l c u l a t e  s t r p s s e s .  
The v ib ra t i on  program i s  handled d i f f e r e n t l y  than the  s t r e s s  program 
because only 50 degrees of freedom can be handled by an  e x i s t i n g  l a t e n t  
r o o t  o r  eigen-value program. This al lows a breakup of only e i g h t  f r e e  
nodes each of which has s i x  degrees of freedom. For t h i s  reason,  the 
number of degrees of freedom per f r e e  node was reduced t o  one by f i r s t  
assuming t h a t  ;he dominant displacement i s  normal t o  the  sur face  and 
then using matrix condensation techniques. I n  t h i s  ins tance ,  l o c a l  
s t i f f n e s s  and i n e r t i a  matr ices  were transformed to a rec tangula r  coordi-  
na t e  system i n  which the  normal d i r e c t i o n  a t  a  node i s  i n  the mean d i r ec -  
t i o n  of the norpals  of a  s e t  of t r i angu la r  elements which have common 
v e r t i c e s  a t  a node. Assembly of these  matr ices  by s a t i s f y i n g  nodal 
compat ib i l i ty  and eq1 i l ib r ium followed by a matrix condensation y i e l d s  
frequency equations from which frequency and mode shapes a r e  obtained.  
b ,  Descr ipt ion of Ana ly t ica l  Model 
(1) Blade Genera t i on  
A t y p i c a l  inducer i s  shown i n  f i g u r e  23. The inducer b lade i s  nor- 
mally machined by a s t r a i g h t  mi l l i ng  c u t t e r  whose a x i s  i s  t i l t e d  and 
may pass a t  a  f ixed d i s t ance  from the a x i s  of the  inducer while the  
inducer blank advances and r o t a t e s  a t  the  des i r ed  lead.  The middle su r -  
f ace  of the inducer b lade i s  used f o r  purposes of a n a l y s i s  and geometric 
parameters t h a t  def ine  the  right-handed (x ,I:, z) coordinates  of the  su r -  
face  as hub rad ius  RH, o f f - s e t  r ad ius ,  Re, t i l t  angle  A ,  lead height  z ~ ,  
rad ius  R along p ro j ec t i on  of generator ,  and wrap a n g l e $ a s  shown i n  
f i g u r e  24, The (x ,y ,  z) coordi . lates i n  terms of these  parameters a r e :  
y = RG s i n 8  + R cos 8 
= z~ + (R - Q) t an  X 
Figtire 23. Turbopun-,p Inducer 
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Figure 24. Geometric Parameters of Middle Surface of FD 25602.  
Indtxer Blade 
( 2 )  F i n i t e  Element Breakup 
The use of d i s c r e t e  t r i a n g u l a r  elements fo r  the s t r e s s  a n a l y s i s  of 
three  dimensional sur faces  i s  discussed by Argyr is ,  Cheung, Pe ty t ,  
Zienkiewicz and o the r s .  In  t h i s  ins tance ,  the sur face  i s  replaced by 
f l a t  t r i angu la r  elements t h a t  a r e  joined a t  the v e r t i c e s  o r  nodes which 
l i e  on the or ig inal ,  su r face .  Such a n a l y s i s  r equ i r e s  t h a t  the coordinates  
of the node be expressed i n  a  common and l o c a l  rec tangula r  coordinate  
system. A r i g h t  hand l o c a l  system was chosen so  t h a t  the  base of each 
t r i a n g l e  l i e s  on a generat ing l i n e  which def ines  the ii a x i s  while the 
t h i r d  ver tex  l i e s  on an adjacent  generator .  The 9 a x i s  l i e s  i n  the 
s ,  plane of the t r i a n g l e  i n  a  right-hand sense as shown i n  f i g u r e  25. I n  
t h i s  manner the  coordinates of the  nodes of each t r i a n g l e  a r e  well  de- 
f ined because they always l i e  on generat ing l i n e s  whose coordinates  a r e  
known. 
Generator 
Generator 
Figure 25. Local I k, 9, 1 and Common Ix, y, z l  Rectangular FD 25629 
Coordinate System f o r  Triangular  Element 
Nodal po in t s  a r e  equal ly  spaced on a  generator  between the  hub radius  
R H ~ C  and t i p  rad ius  RT* and e s t a b l i s h  the  t r i angu la t i on  of the inducer 
blade a s  shown i n  f i g u r e  26. The connnon coordinate  19' the v e r t i c e s  a r e  then used t o  c a l c u l a t e  the  d i r e c t i o n  cos ine  matr ix  K by equation 46. This matr ix  e s t a b l i s h e s  the r e l a t i o n  between the  d i r e c t i o n s  of the l o c a l  
coordinate axes r e l a t i v e  t o  the  common coordinate  axes f o r  each element 
and is defined as :  
X / 
Figure 26. Tri %ngulation of Inducer Blade 
T h i s  matrix i s  used later for transforming s t i f f n e s s  and mass matrices 
and i s  used to calculate the local nodal coordinates by the following 
relations : 
or i n  matrix form: 
where 
(3) Displacement Functions f o r  ';rial gular  Elements 
The use of t r i angu la r  elements f o r  f i n i t e  element ana lys i s  i s  d i s -  
cussed extensively  by Argyris ,  Cheung, Clough, Hermann, Melosh, Pe ty t ,  
Tocher, Utku, Zienkiewicz, and o thers .  Methods which a r e  d i r e c t l y  
appl icable  to  the three-dimensional inducer problem a r e  discussed by 
Argyris ,  Cheung, Pe ty t ,  and Zienkiewicz. 
The accuracy of the  displacement method depends upon the s e l e c t i o n  
of an appropr ia te  dis2lacement funct ion;  polynomial funct ions  usual ly  
t e" ng the most sppropria t e .  
For the  t r i angu la r  element under in-plane membrane loading the ex- 
pressing of l oca l  membrane displacenents  6 and B as l i n e a r  funct ions  of 
x and 7 y ie lds  a uniform s t r a i n  f i e l d  i n  the  triar.gular element. Such 
a funct-on provides compat ib i l i ty  a t  the  i n t e r f a c e  between ad jacen t  
elements and involves s i x  c o e f t i c i e n t s  t h a t  a r e  determined i n  terms of 
the s i x  nodal displacements and s i x  nodal coordinates of the  v e r t i c e s  of 
the t r i ang le .  Linear displacement funct ions  a r e  used i n  t h e  de r iva t ion  
of the  membrane s t i f f n e s s  matrix 141 and the  membrane i n e r t i a  matrix [&I 
i n  paragraphs B2d(5) and B2d(lG), respec t ive ly .  
An appropri:..? d i s p l ~ c e m e n t  funct ion f o r  t r i angu la r  elements under 
bending is  more 1 1 :  , f i c u l t  t o  s e t  up because i n  addi t ion  t o  a l a t e r a l  de- 
f l e c t i on ,  v, there  a r e  r o t a t i o n s ,  ax and j y .  Thus, there  w i l l  be nine 
nodal displacements f o r  each t r i angu la r  element. I f  a cubic  polynomial 
- de f l ec t ion  funct ion with terms l i k e ;  const .  -, E, 7, ~ 2 ,  xy, 7 2 ,  t3, 527 ,  
Fy2, 73,  i s  selected,  one of the  10 terms w i l l  have t o  be de le ted  because 
only nine condi t ions  can be s a t i s f i e d ,  and h inre  the  displacement func- 
t i o n  can have only nine  coe f f i c i en t s .  Althougl~ c o r r 2 a t i b i l ~  . of edge 
j i s p l a c ~ m e n t  and s lope  i n  the  d i r e c t i o n  of edges a t  an i n t e r f a c e  e x i s t s  
f o r  the cubic displacement funct ion,  t he re  is  no guarantee t h a t  the  nor- 
m a l  s lope i n  a d i r e c t i o n  perpendicular  t o  the edges is  continuous. It  
is not  known how much e r r o r  w i l l  be caused by such nonconformity. 
Clough, Zisnkiewicz, and o thers  d i scuss  methods of obta ining conforming 
displacement funct ions  bu t  they a r e  too complicated fo r  use on the  in-  
ducer program. 
P r a t t  & Whitney A i r c r a f t  has had success i n  o ther  problem a reas  with 
the  Adini polynonial displacement funct ion 
where the  uniform t w i s t  term, 27, i n  the  10 term cubic polynomial is 
omitted t o  maintain symmetry a s  discussed by Clough. This  displacement 
funct ion i s  used for  the  inducer program, and it is  hoped t h a t  comparison 
of t e s t  cases with t h e o r e t i c a l  so lu t ions  can be used t o  determine the  
e r r o r  caused by using t h i s  function.  
c. Methods of Analysis 
(1) S t r e s s  Program 
(a)  Forces and Displacements 
The matrix displacement method using d i s c r e t e  t r i angu la r  elements 
i s  used f o r  these programs. I n  t h i s  method generalized nodal fo rces  
a r e  expressed as  l i n e a r  funct ions  of general ized nodal displacements 
i n  matrix form. These matrices a r e  der ived i n  paragraph B2d, below, and 
a r e  determined f o r  t r i angu la r  elements i n  the  l o c a l  coordinate system. The 
force  and displacement systems a r e  right-handed, and the  components a r e  
showi! i n  f igures  27 and 28. Moments and r o t a t i o n s  a r e  t r ea t ed  a s  vectors  
i n  the  same manner a s  forces  and clisplacements, a s  i s  done by Pe ty t  and 
Zienkiewicz. This prevents confusion when transforming matrices t o  a ro ta ted  
coordinate system. The matrix r e l a t i o n  f o r  the  l o c a l  system i s  then: 
. . 
where 14 and.  [id a r e  the 1 o c a l ~ n ~ ; ~ r a n e ~ ~ e  bendinBiliiffness 
matrices whose corn o s i t e  form is K and F and N a r e  general ized 
nodal fo rce  and displacement c o l  matric s or vecto  s. Displacements 
and moments i n  the  l o c a l  d j r e c t i o n  are assumed s e r e  as is  discussed by 
Zienkiewicz. These terms, however, w i l l  appear i n  t h i s  common system 
and a r e  re ta ined  f o r  convertience. 
Figure 27. Generalized Nodal Local Membrane Displacements 
and Forces On Flat Triangular Element 
Figure 28. Generalized Nodal Bending Displacements and 
Forcc, On Flat Triangular Element 
Generalized nodal fo rce  matr ices  N and generalized nodal 
c e n t r i f u g a l  fo rce  , which have be i n  
and B2d(8), a r e  r i c e s  o r  vec tors  of the  same 
f o r  a t r i angu la r  element i n  l o c a l  coordinates  is:  
With these  forces  a c t i n g  the general  nodal 
To so lve  the three-dimensional s t r e s s  problem, a l l  general ized 
fo rces  and displacements i n  t h i s  l oca l  system must be broken i n t o  com- 
ponents along the  axes i n  the  common ys em. This is  accomplished by  
applying the  d i r e c t i o n  cosine  matrix I R t f  t o  t r i p l e t s  of general ized 
forces  and displacements i n  the  l o c a l  system. Because the re  a r e  6degrees  
of freedom per node the  s t i f f n e s s  r r i t r ix  f o r  a t r i angu la r  element 
w i l l  be of order (18 x 18) and the  general ized force  and displacement 
matr ices  w i l l  be of o rder  (18 x 1 ) .  To make the  l o c a l  matrices com- 
p a t i b l e ,  they must be of the  same ordz This i s  accomplished by plat- 
ing zeros i n  appropr ia te  pos i t i ons ;  pP[; and FCLN a r e  a l s o  expressed a s  
an (18 x 1) column matr ix  by i n s e r t i n g  zeros i n  <.ppropriate loca t ions .  
The order of the elemencs i n  the loca l  generalized force and d is -  
placement column matrices ar t en changed t c ~  be compatible w i t h  t h a t  of 
the d i rec t ion  cosine matrix kl% . Under t h i s  re-ordering, the r e l a t ion  between the generalized forc  a d displacement column matrices i n  the 
common system and the loca l  systev is  
SYMMETRIC 
(18 x 1) (18 x I.) (18 x 18) (18 x 1) (18 x 1) 
or, in matrix notation 
The general force-displacement matrix relation for a triangular element 
in the common system is obtained conventionally by transforming (36) using 
(38) and (39) from which 
Then (36) t r ans  forms from 
Thus, the  general  force-displacement matrix r e l a t i o n  f o r  a t r i a n g l e  i n  
' the  common system is expressed by 
where the  elements on the  r i g h t  s i d e  a r e  obtained d i r e c t l y  from the  
l o c a l  system proper t ies  by the  r e l a t i o n s  
The generalized nodal displacement matrix r e l a t i o n  f o r  the  t r i angula ted  
sur face  was assembled by consider ing a represen ta t ive  node t h a t  is 
common t o  neighboring t r i a n g u l a r  elements a s  shown i n  f i gu re  29. Because 
each node has 6 degrees of freedom there  w i l l  be 6n degrees of freedom 
f o r  a system with n f r e e  nodes. Thus a l l  column matrices w i l l  be of 
order  (6n x 1) and the  s t i f f n e s s  matr ix  w i l l  be of order  (6n x 6n) . The 
operat ions  t h a t  y i e l d  the  displacement matr ix  r e l a t i o n  a r e :  
1. Add the  elements a f  (FpJ and (lcl which a r e  assoc ia ted  with 
a common node. This y i e l d s  the  system matrices 
I I 
2. Sum a l l  of the  elements of which a r e  assoc ia ted  with a 
common node t o  zero i n  ord o s a t i s f y  i n t e r n a l  nodal equi l ibr ium 
3. Equate generalized displacements of v e r t i c e s  t h a t  nave a 
common node. 
4. Add elements of s t i f f n e s s  matrices which are asscc ia ted  
with a on node. This w i l l  y i e l d  t he  system s t i f f n e s s  
matr ix  16. 
The genera l i zed  displacement  ma t r ix  equa t ion  f o r  the  system is then 
The s o l u t i o n  t o  t h i s  set  of s imultaneous equa t ions  y i e l d s  t h e  
genera l i zed  nodal d isp lacements  . These a r e  then transformed back 
t o  t h e  l o c a l  system by 
I 
- i t l i l N  I lR61 li
Figure  29. Comnon Node of 6 Neighboring T r i a n g l e s  
(b) S t r e s s e s  
The membrane stress and bending moment i n  terms of t h e  l o c a l  system 
a r e  then  given by 
where t h e  symbcls a r e  d e f i n e d  i n  paragraph d. The bending moments a r e  
l i n e a r  func t ions  of K and 9 and are eva lua ted  a t  t h e  c e n t r o i d  C t o  y i e l d  
t h e  c e n t r o i d a l  bending stresses. 
(c) Development of Subsys tems 
The d i r e c t  s o l u t i o n  of t h e  s e t  of  s imultaneous equa t ions  (41) i s  
time-consuming and uneconomical when a l a r g e  number of unknowns i s  i n -  
volved. For t h i s  reason,  t h e  execut ion  time was reduced by subsystem 
a n a l y s i s .  This  WAS accomplished by providing an op t ion  t o  d i v i d e  t h e  
system i n t o  subsystems a s  shown i n  f i g u r e  30, Each subsystem has common 
boundary nodes a and i n t e r n a l  nodes b. The i n t e r n a l  nodes inc lude  a l l  
nodes t h a t  d c  no t  l i e  on a common boundary. The genera l  force-displacement  
r e l a t i o n  f o r  each subsystem is of t h e  form (40) and becomes 
Figure  30.  Divis ion  of System I n t o  9ubsystems FD 25668A 
Then, t h e  subsystem m a t r i x  was p a r t i t i o n e d  t o  s e p a r a t e  boundary nodes 
from i n t e r n a l  nodes i n  t . 2  fo l lowing manner s i n c e  t h e  summation of nodal 
f o r c e s  a t  i n t e r n a l  p o i n t s  is zero .  
This  p a r t i t i o n i n g  y i e l d s  two mat r ix  equat ions  
By e l i m i n a t i n g  t h e  i n t e r n a l  nod e f l e c t i o n s  b b  from t h e  express ions ,  
t h e  genera l i zed  boundary f o r c e  
I I 
i n  terms of t h e  genera l i zed  boundary 
d e f l e c t i o n  and t h e  i n t e r n a l  pro  ies of t h e  subsystam is  ob ta ined .  
Thus, 
A t  t h e  boundaries  c  n  t o  the subsystems, t h e  d l sp lac rments  ( ( a ) N  a r e  
equated and f o r c e s  a r e  surmed t o  ze ro .  This  I d s  a set  of simu- 
taneous equa t ions  w N a s  unknowns. 
bv 
These equat ions  a r e  n  found from ( 4 2 )  
Execution t imes on t h i s  program have been reduced by a  f a c t o r  of up t o  
25 by means of t h i s  technique.  
( 2 )  V i b r a t i o n  Program 
For t h e  v i b r a t i o n  program, t h e  s u r f a c e  of  t h e  inducer  is t r i a n g u l a t e d  
program and t h e  same l o c a l  s t i f f n e s s  
matrices a r e  used. I n  a d d i t i o n  t o  t h e s e  mat r i ces  t h e  
l o c a l  membrane i n e r t i a  matrices [%I and bending 
i n e r t i a  a r e  de f ined  i n  Paragraph d .  The a s s o c i a t e d  
l o c a l  nodal  i n e r t i a  f o r c e  matr ix ,  assuming harmonic v i b r a t i o n s  of  f r e -  
quency w and ampli tudes (4 N Lo similar t o  37 and it3 I 
It was nolr assumed t h a t  the  v ib ra t ion  of the  inducer blade is normal 
t o  the  inducer surface .  For t h i s  reason a right-handed rectangular  
coordinate  d i f f e r e n t  from the  common a j s t e m  used i n  the  stress program 
was adopted and is shown i n  f i gu re  31. The z axes of t h i s  system a r e  
i n  the  mean d i r e c t i o n s  of the  four normals t o  t r i angu la r  elements t h a t  
have common v e r t i c e s  a t  a node end a common generator ,  and the  x ax i s  
is i n  the  d i r e c t i o n  of the  generatcr .  
The d i r e c t i o n s  of the  normals a r e  obtained from the  d i r e c t i o n  cosine  
matrix (R~] . Because the y axes are normal t o  the  x axes, the  d i r e c t i o n  
of y is es tab l i shed ,  r e s u l t i n g  i n  a new d i r e c t i o n  c o ~ i o e  matr ix  [ R  
defined i n  Paragraph d. The generalized i n e r t i a  fo rce  matr ix  r e l a t  
f o r  a t r i angu la r  element i n  the  quasi-normal system is obtained i n  the  
same manner as the  generalized s ta t ic  force-displacement matrix (37). 
Figure 31.  Definition of Quasi-Normal Coordinate System FD 2566% 
Thus, 
From (38) and (39) 
Then (43) transforms to 
Thus, the generalized inertia f ~ r c e  metri.x relation for a triangular 
element i n  the quasi-normal system i s  expressed by . 
where t h e  mass m a t r i x  M is de f ined  by I I 
The s t i f f n e s s  and mass mat r i ces  are now assembled i n  t h e  same manner 
t h a t  was used i n  t h e  s t r e s s  program. E l e m e n t s  of s t i f f n e s s  and mass mat r i ces ,  
which a r e  a s s o c i a t e d  wi th  a common node, a r e  added and d isplacements  a t  
common nodes are equated.  The mat r ix  equa t ion  of  motion of f r e e  nodes 
of  t h e  system is then 
The a s s o c i a t e d  e igen-value equa t ion  is then 
Because each f r e e  node has  s i x  degrees  of freedom, the  eigen-value matr ix  
w i l l  be of o rde r  (6n x 6n)  f o r  a system wi th  n f r e e  nodes. This  a l lows 
only e i g h t  f r e e  nodes t o  d e s c r i b e  the  inducer geometry because the  c a p a c i t y  
of an  e x i s t e n t  IBM 360 eigen-value program is l imi ted  t o  50 e igen-values .  
Because e i g h t  f r e e  nodes a r e  i n s u f f i c i e n t  t o  d e s c r i b e  a t y p i c a l  inducer ,  
the  number of degrees  of freedom per  node was reduced t o  one by matr ix  
condensat ion techniques  fol lowing a procedure recommended by Guyan*. This  
is accomplished by rea r rang ing  and p a r t i t i o n i n g  by which the  nodal fo rce -  
displacement  r e l a t i o n  can be expressed i n  t h e  mat r ix  form 
I t  is now assumed t h a t  i f  t h e  p l a t e  v i b r a t e s  normally t o  the  s u r f a c e  
u, v ,  and 0, are zero.  This  can b e  accomplished by d e l e t i n g  the  rows and 
columns con ta in ing  t h e  m a t r i c e s  I D ] ,  [ E ] ,  and [ E ] ~ .  Af te r  d e l e t i o n  and 
f u r t h e r  p a r t i t i o n i n g ,  t h e  nodal force-displacement  matr ix  r e l a t i o n  is 
L e t t i n g  F2 = 0 f o r  condensat ion a s  recomended by Guyan y i e l d s  two 
m a t r i x  equa t ions  
*See Appendix A ,  s e c t i o n  3 .  
where 
El iminat ing  0 
- 
Thus. the  reduced s t i f f n e s s  matr ix  is 
[K]" = [ [ A ]  - c [*I-' [ C ] ]  
This  opera t ion  reduces the  number of degrees  of freedom t o  n  whi le  s t i l l  
r e t a i n i n g  t h e  phys ica l  p r o p e r t i e s  of t h e  o r i g i n a l  s y s  t e m .  Examination c f  
( 4 4 )  and ( 4 5 )  i n d i c a t e s  t h a t  it amounts t o  a coord ina te  t r ans fo rmat ion  a s  
d iscussed by Guyan, i . e .  
where 
Thus, i f  the  i n t e r n a l  s t r a i n  energy is t o  be preserved under t h i s  t r a n s -  
formation 
Thus, t h e  reduced system s t i f f n e s s  matrix is of the  form 
The k i n e t i c  energy must a l s o  be preserved under t h i s  t r ans fo rmat ion .  Thus, 
The reduced system mass matrix is then  
Using these reduced matr ices ,  the  equation of motion becomes 
The associa ted eigen-value equation then involves only n degrees of 
freedom and is 
d.  Derivations of Basic Relat ions  
The der iva t ions  of  the  var ious  r e l a t i o n s  i n  matrix form a r e  d i s -  
cussed i n  the  following sec t ions ,  a s  ou t l ined  below. These a r e  separated 
i n t o  r e l a t i o n s  t h a t  a r e  common t o  both the  s t r e s s  and v ib ra t ion  programs 
and those t h a t  apnly s p e c i f i c a l l y  t o  only one of the  programs. 
I 
Both Programs 
(1) Direct ion Cosine Matrix [ 
(2) Nodal Coordinate Matrix 
(3) Triangular Surface Coordinate Matrix 
(4) Thickness Matrix Relat ion 
(5) Membrane S t i f f n e s s  Matrix likl 
(6) Bending S t i f f n e s s  Matrix I51 
St re s s  Program 
(7) Pressure Force Matrix ( P  1 
P I N  , 
(8) Centr i fugal  Force Matrix IFc I N  
(9) Approximate Centr i fugal  Force Matrix lFclN 4 
Vibration Program 
(10) Membrane I n e r t i a  Matrix 
1 5 4 1  
(11)Bending I n e r t i a  Matrix 1% I 
(12) Normal Direct ion Cosine Matrix 
IRlln 
In t eg ra t ion  of expressions containing v a r i a b l e  thickness is accomplished 
by the Gaussian quadrature formula, using 100 i n t e r n a l  nodal values of  the  
integrand i n  the  t r i angu la r  element. 
(1) Di rec t ion  Cosine Matr ix [ R ~ I  (See F igure  32.) 
L A 
The d i r e c t i o n  cos ine  o r  r o t a t i o n  m a t r i x  [R1] e s t a b l i s h e s  t h e  r e l a t i o n  
between t h e  d i r e c t i o n s  of  t h e  axes of t h e  common coord ina te  system and 
t h e  l o c a l  coord ina te  system. I t  is obta ined by t h r e e  opera t ions :  
1. D i r e c t i o n  of ; a x i s  i s  obta ined by determining d i r e c t i o n  of 
v e c t o r  product  of v e c t o r s  i n  d i r e c t i o n s  of  two s i d e s  of 
t r i a n g l e .  
2. D i r e c t i o n  of x a x i s  i s  obta ined by p r o j e c t i o n .  
3.  D i r e c t i o n  of 9 a x i s  is obta ined by determining d i r e c t i o n  
of  v e c t o r  product  of v e c t o r  a long  a x i s  and ii a x i s .  
Figure 32. Geometry f o r  Deriving IRl I 
1. D i r e c t i o n  
Vector a r e a  of t r i a n g l e  r e l a t i v e  t o  common system, (one h a l f  of  v e c t o r  
product)  
4 I +  + -m -D 
. cos (x,;) =f. k = -  
S 
- :=A cos (y,Z) = j 
S1 
2.  x Direction 
By inspection,  
COS (x,X) = X2 - 1 
112 
- 
cos (y,x)  = y2 - Y1 
412 
z2 - Z 
cos (2,;;) = 1 
e l 2  
3.  y Direction 
y a x i s  is i n  d i rec t i on  of  vector product, S1 x (R2 - R1) 
- t S2= 
cos  (z,y) - k j = - 
s2 
The d i rec t ion  cosine matrix i a  then: 
cos (,,;I, cos (x,3), coa ( x , i )  
cos (y,;),cos (y,?),cos ( y , i )  = 
cos (z,ii),cos ( z , i ) ,  cos (2,;) 1 I 
(2) Nodal Coordinate Matrix. 1~1, (See Figure 33.) 
The matrix es tabl i shes  the loca l  coordinates of the nodes of 
the t r i ang le  i n  t e  ms of the common coordinates of the nodes of the 
t r iangle .  It is obtained by two operations: 
1. Translation of o r ig in  of loca l  coordinate system to  o r ig in  
of common coordinates system. 
2. Rotation of axes of loca l  coordinate system t o  axes of 
common sys tem. 
The operation 
t rans la tes  the loca l  coordinate system t o  the o r ig in  of the reference 
system. This operation, together with ro ta t ion  of the axes, yields:  
- x ) C O ~  (;,x) + (y3 - y-I@ cos (i,y) + (z3 - zl) ccs G,z) 1 
IG3lN - xl) C08 (yBx) + (y3 - yl) COB (i,~) + (z3 - zl) COB (i~z) 
- xl) cos (i,x) + (y3 - yl) COB ) + z - zl) cos 6,~) 
or 
(i,x)* cos (i ,  y), co. ( i ,  2) 
(i,x), cos (?BY), cos (is21 
(; # X), COS (;, y), COB (i, 2) 
cos (x,x)# cos ( i s y ) ,  COB (i, 2) 
C08 (Y,x)# COB (Y#Y), COB (Y*z) I 1 
cos (I ,x), cos (; ,y), COB (i # z) L 1 
In matrix notation: 
Figure 33. Geometry for Deriving I I N  
(3) Triangular Surface Coordinate Matrix (See Figure 34.) 
The matrix 19 1 es tabl i shes  the relacion hstween the loca l  coordinates 
of points i n  the plane of the t r iangle  and the common coordinates of  these 
points. It is obtained by two operations: 
1. Translation of or ig in  of local. system to  o r ig in  of common 
sys tem. 
2. Rotation of axes of local  system to  axes of common system. 
(From f igure  34 , )  
Figure 34. Geometry for  Deriving \t I I 
B u t  
* C - I )  T = i cos ( i ,x)  + j cos (ii,y) + k COB (X,z) 
- J = T cos ( j ,x)  +f cos ( j , y )  +'f; cos ( j ,z )  
1: - 
k i COB ( x )  +f  COS +'r; C 0 1  (is=) 
- r C + x i cos (X,x) + j COB ( i s Y )  + k cos (;,=)I + 1 
0 + 
3 I T c o s  ( i , x )  + j cos (;,y) +t cos ( i sz ) J  + 1 
* 
z i cos ( x  + j COS (iIY) +f COS (I,Z)] 
- t  
. 
. . 
= X1 + i cos (x,;) + y cos (x,?) + ; cos (x,;) 
y = y1 + X cos iY,;) + Y cos (y,!) + i cos (y , i>  
z = z + i cos (2,;) + j; cot3 ( 2 , i )  + Z ccs (2,;) 1 
In  matrix form 
(4) shickness Matrix Relation (See Figwre 35.) 
This r e l a t ion  expresses the thickness a t  a point i n  the plane of tht. 
t r iangle  i n  terms of the thicktlesses a t  the three ve r t i ces ,  when the 
thickness i s  assumed t o  vary l inea r ly  with 2 and 7 over the t r iangle .  
It  is derived by determining che coeff ic ients  of the l inea r  form by 
matrix algebra. 
Figure 35. Geometry of Triangular Element With Linearly 
Varying Thicknsre 
Assume 
For nodal values,  tl, t2, tj, 
i n  matr ix  form 
(5) Membrane S t i f f n e s s  Matrix Ih) (See Figure  36.) 
The matrix expresses  the  l i n e a r  r e l a t i o n  between f i c t i t i o u s  
nodal forces  displacements i n  the  plane of the  t r i ang le .  It 
is derived by obtaioing the  i n t e r n a l  s t r a i n  energy i n  the  form: 
where [ -  I is the  l o c a l  nodal membrane displacement column matr ix  and 
the  middle matrix ) is the  l o c a l  membrane s t i f f n e s s  matrix 
Figure 36. Generalized Nodal Local Membrane Displacements FD 25631 
and Forces On Flat Triangular Element 
Letting 
- - 
x o y 0 1 0  I:) = [ o x o y 0 1  - 
or, in matrix form 
For nodal values 
or, in matrix form 
using 
1 0 0 0 0 0  
Matrix 
t e - -  0 1 1 0 0 0  
using 
t-- 
Matrix 1-v  
6 - -  
Internal strain energy 
- - -  
where d t  = tdxdy 
and 
- -  - -  - -  - -  
O X2Y3-X3Y2 O X3Y1 'X1Y3 0 x y - x y  1 2  2 1  
- -  - -  1 
( 6 )  Bending St i f fness  Matrix (%I (See Figure 37.) 
The matrix lEB] expresses the l inear relat ion between f i c t i t i o u s  
nodal forces and nodal bending displacements i n  the triangle.  It is 
derived by obtaining the internal s tra in  energy i n  the form: 
where \iBIN i s  the local nodal bending displacement column matrix and 
the middle matrix [ ] i s  the local bending s t i f fness  mat i x  
Figure 37.  Generalized Nodal Bewing Displacements and 
Forces On Flat Triangular Element 
Using displacement function 
In matrix form 
For nodal values 
and liBl J i  N lie] N
using [ R B I  
- 
-W-.. Curvature YY 0 0 0 0 -2 0 0 -22 -67 
m t r i x  lil - I-% 1 - [ 0 0  0 - 2  o -6;-2y o 
- 
W--  
XY 
0 0 0 0  0 0 2; 2y 0 
or 
I = [ ] 141 
N N 
Internal s tra in  energy, 
(7 )  Nodal Pressure Force Matrix linl (See Figure  38.)  
.7 
 he matr ix  I F P I N  i s  the column matr ix  of f i c t i t i o u s  l oca l  nodal' 
fo rces  which r e s i s  bending d e f l e c t i o n s  caused by a uniform pressure  
load. This i s  derived by obtaining the  p o t e n t i a l  energy i n  the form: 
where [lg] is loca l  nodal bending displacement row mat ix and the  l a t t e r  
matrix ( 1 is the des i red  l o c a l  pressure  force  matr ix  
Figure 38. Generalized Nodal Bending Displacements and 
Forces on F l a t  Tr iangular  Element 
In l oca l  coordinates ,  
For noda 1 va lue  s 
The p o t e n t i a l  energy due t o  pressure  loading is 
Therefore,  
(9) Nodal Centr i fugal  Force Matrix IicI, (See Figure  39.) 
The matrix is the  column ~ t r i x  of f i c t i t i o u s  l o c a l  nodal forces  
which resist displacements caused by r o t a t i o n .  This is derived by ob- 
t a in ing  the  p o t e n t i a l  energy i n  the form: 
where ( 6 I N  i s  the  l o c a l  nodal displacement row matrix and the  l a t t e r  
matrix 1 I N  is the  des i red  l o c a l  c e n t r i f u g a l  fo rce  column matr ix  l E C  I N 0  
The p o t e n t i a l  energy due t o  r o t a t i o n  is  
- fpo2;r 1, cos ( r , 3  + v eos ( r ,y)  + w CO8 ( r , ~ )  a 1 
Figure 39.  Geometry of Rotating Triangular Element 
But 
cos (x,X) cos (Y,;) C O S  (2,;) 
cos cos cos 
cos (x,z) cos (y,z) COS (z ,z) 1 
T cos (r,x) I B c t J  1 1 1 1  R1 cos (r ,y)  
cos (r ,z) I 
Since cos (7 ,  z) = 0, from (34) 
From which 
z - Z l  - r; cos (z,l;)+ y cos (z,Y) 
Therefore 
and 
expanding 
where 
Theref ore 
Also 
Theref ore 
In matrix form 
and 
Then, in  local ccordinates 
Ii a Area of i t h  element 
= Average thickness of i t h  element 
p = Density 
(9)  Approximate Centrifugal Force Matrix 
O = Angular ve loc i ty  
F 
x, y,  z (N common coordinates) 
This matrix (52) is used i n  l i e u  of (51) because of i ts  s implici ty .  
It should provide b e t t e r  accuracy than (51), pa r t i cu la r ly  i n  cases where 
bending s t r e s ses  a r c  predomi~ant ; hcrwevex, more experience is needed with 
t h i s  matrix (52) form before it can be used with a high degree of con- 
f idence. For t h i s  reason, the computer program contains i n  option t h a t  
permits se lec t ion  of e i t h e r  matrix (51) or (52). 
. .- 
.--, 
. -- ,rur- ,-...--- * w-llL,~llL in,. n u , ,  . - , . . " '  .. , - 
. . . , r .  -- , ,, "'I 
, 1 . 4 ~ 1  ,. .+.." . 
(10)Membrane I n e r t i a  Matr ix 1 %  (See Figure  36) 
The mat r ix  b$] i s  t h e  w- f r ix  of f i c t i t i o u s  nodal masses and i n e r t i a s  
which r e s i s t  v i  r a t o r y  membr.r& motion i n  t h e  p lane  of  the  t r i a n g l e .  It 
i s  de r ived  by o b t a i n i n g  the  k ~ n e t i c  energy o f  motion i n  t h e  form: 
where 19lN is t h e  l o c a l  nodal  v i b r a t o r y  membrane displacement  column 
matr ix  and t h e  middle mat r ix  [ ] is t h e  d e s i r e d  l o c a l  membrane i n e r t i a  
matri:: I%]. 
. 2  
Kine t i c  Energy= 
Membrane Displacement Matrix 
For nodal  va lues  
and 
Kine t i c  Energy = f $ [iJ 1611) did; 
. * . Membrane i n e r t i a  matrix is 
T [%I = p [%I N - l  (jihfb] did?)  [<]-l N 
I$] (See Figure 37) (11) Bending I n e r t i a  Matrix The the  matr ix  of f i c t i t i o u s  nodal masses and i n e r t i a s  
which r e s i s t  v i  r a  ory t ransverse  bending motion of  the  t r i a n g l e .  It is  
derived by obtaining the  k i n e t i c  energy of motion i n  the form: 
where (:IN is  the  l o c a l  nodal v ibra tory  t ransverse  bending displacement 
column matrix and the  middle matrix [ 1 i s  the  des i red  l o c a l  bending 
i n e r t i a  matrix 
Kinet ic  Energy = 
Transverse Displacement 
Using nodal values  
K i n e t i c  Energy= 
. ' , Bending i n e r t i a  matr ix  i s  
(12) Normal D i r e c t i o n  Cosine Matr ix 
The mat r ix  [ R l I n  e s t a b l i s h e s  the  r e l a t i o n  between t h e  d i r e c t i o n s  of 
the  axes of the  common c o o r d i n a t e  system and the  axes of t h e  quasi-normal 
system. It is obta ined by averaging t h e  d i r e c t i o n s  of the  and Z axes  
of t h e  four  t r i a n g u l a r  elements  t h a t  have a common node and a  common 
genera to r ,  with t h e  x a x i s  l y i n g  i n  t h e  d i r e c t i o n  of t h e  genera to r  as 
shown i n  f i g u r e  40. The d i r e c t i o n s  o f  t h e  l o c a l  axes of t h e  i n a i v i d u a l  
t r i a n g u l a r  elements a r e  obta ined d i r e c t l y  from t h e  d i r e c t i o n  cos ine  
matrix IR1  1 
n 
n 2 t Y n 
Figure  40. D e f i n i t i o n  of Quasi-Normal Coordinate System FD 25669 
75 
e .  Discussio.l of Typical R e s l ~ l t s  of Analyses 
(1) S t r e s s  Program 
(a) Sec tors  
Tes t  cases  wEre f i r s t  run on 45 degree f l a t  s e c t o r s  wi th  9 ( f i gu re  41) 
and 30 ( f i gu re  42' f r e e  nodes under uniIorm transt; ;e load and c e n t r i f u g a l  
loading. There tac a decided improvement i n  r a d i a l  de f l ec t ion  f o r  the 
cen t r i fuga l  load nast 'n  going from 9 t o  30 nodes a s  i s  s h a m  i n  f i gu re  43. 
Radial membrane s t r e s s e s  on i n t e r i o r  t r i angu la r  elements j u s t  about s t raddled  
the est imated s t r e s s  curve when they were plot'led f o r  the centroid* of the  
at1propriate t r i a n 3 l e  as  is shown i n  f igure  44. Approximate s t r e s s e s  and 
de f l ec t ions  were est imated by d i r e c t  i n t eg ra t ion  assuming t h a t  the  r a d i a l  
pu l l  is in depend en^ ?f polar augle .  Averaging the  s t r e s s e s  a t  each node 
by averaging the  st- zsses  i n  the t r i a n g l e s  immediately surrounding a node 
a l s o  agreed f a i r l y  w 9 l l  wi th  the est imated curve as  is shown i n  f igure  45. 
The d i ~ p l a c c t m e ~ ~ t s  under bending load a l s o  were improved i n  going from 
9 t o  30 nodes a s  is shown i n  f i g u r e  46. Radial  bending s t r e s s e s  on in-  
t e r i o r  t r i angu la r  elements a l s o  s t r add led  the  est imated curve a s  is  shown 
i n  f i g u r e  47. These s t r e s s e s  were a l s o  averaged a t  the  cen te r  nodes and 
a r e  presented i n  f i g u r e  48. S t r e s s e s  were obtained from the  moment d i s -  
t r i b u t i o n  on a ccr i t i lever  beam of l i n e a r l y  var\ring width and de f l ec t ions  
were approximated by the  moment-area method. 
1 in. (2. 
Figure 41. Breakup of  45-Degree Sector  I n t o  13 Triangular FD 25670 
Elements and 9 Free Nodes 
* Gerstenkoro presents  d a t a  a t  the  cen t ro id  of t r i angu la r  elements f o r  the  
so lu t ion  of the  thick-walled cy l inder  ueing f i n i t e  elements, and Zienkiewicz 
d i scusses  t h i s  and other  methods of averaging stresses i n  t r i angu la r  elements. 
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Figure 42. Breakup o f  45-Degree Sector Into 48 Triangular F'D 25672 
Elements and 30 Free Nodes 
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Figure 44. Radial Membrane Stresses In Rotating 45-Degree FD 25657 
Sector With 30 Free Nodes 
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Figure 45. Radial Membrane Stresses In Rotating 45-Degree FD 25786A 
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Figure 46. Transverse Midchord Displacement of Uniformly FD 25787A 
Loaded 45-Degree Cantilevered Sector 
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Figure 47. Radial Bending Stresses In Uniformly Loaded FD 25788A 
45-Degree Cantilever Sector With 30 Free Nodes 
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Figure 48.  Radial Bending Stresses  In Uniformly Loaded FD 25789A 
45-Degree Cantilevered Sector IMidchordl 
(b) Rectangles 
Similar t e s t  cases were run on 2 by 3 i n .  (5.08 by 7.62 cm) rectangles 
a s  shown in f igures  49 through 53. Good agreement was achieved in  a l l  
cases .  Displacements always agreed bet ter  than the s t r e s s e s .  
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Figure 49. Breakup of 2-Inch by )-Inch Rectangle Into 48 FD 25673 
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Figure 50.  Radial Displacements In Rotating Rectangle With FD 25790 
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Figure 51. Radial Stressee In RotetLng Rectangle With 30 FD 25791 
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Figure 52. Transverse Midchord Displacement of Uniformly 
Loaded Cantilever With 30 Free Nodes 
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Figure 53. Radial Bending Stress In Uniformly Loaded 
Cantilever With 30 Free Nodes 
(c )  C i r cu l a r  Disk 
A tes t  case  f o r  a s o l i d  bore spinning d i sk  w i th  48 f r e e  nodes ( f i g u r e  54) 
was evaluated  next .  Displacements again  agreed wi th  t h e o r e t i c a l  r e s u l t s  
a s  shown i n  f i g u r e  55. Resu l t s  were compared w i th  t he  t h e o r e t i c a l  plane I 
s t r e s s  s o l u t i o n  f o r  a d i s k  and w i th  r e s u l t s  from an  e x i s t i n g  program which I 
i s  used by Pratt: & Whitney A i r c r a f t  f o r  compressor and t u rb ine  d i s k  de s ign ,  
w i th  v = 0.300. S t r e s s e s  t h a t  wsre averaged a t  t he  nodes d i d  no t  agree  
t 
a s  c l o s e l y  a s  those f o r  s e c t o r s  and r ec t ang l e s  a s  i s  shown i n  f i g u r e  56. 
Pe r t a i n ing  t o  s t r e s s  i n t e r p r e t a t i o n  i n  genera l  and f i g u r e  56 i n  p a r t i c u l a r ,  
i 
s t r e s s e s  a t  the  hub end f r e e  edges cannot be evaluated  d i r e c t l y  because 
t h e  c o r r e c t  s t r e s s  g r ad i en t  cannot  be accounted f o r  i n  a t r i a n g l e  over which 
the  menbrane stress is assumed cons tan t  o r  the  bending s t r e s s  i s  assumed 
t o  va ry  l i n e a r l y .  Such s t r e s s e s  can be obta ined by us ing  e i t h e r  e x t r a p o l a t i o n ,  
smal le r  elements ,  o r  judic ious  weighing of element s t r e s s e s  a s  d iscussed 
by Zienkiewicz. It is expected chat a f i n e r  breakup would reduce the  a : 
e r r o r .  
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Figure 54. Breakup of C i r c u l a r  Disk lnto  96 Tr iangu la r  
Elements and 48 Free Nodes 
0.6 0.0025 1 N = 33,000 rpm 
RH = l in. 
- RT = 4 in. 
E = 3 x 10' psi 
V = 0.333 Theoretical ( V =; 0.333) 
- p = 0.2978 I b/in. 
t = 0.1 in. 
0.001 
1 3 
in. 
2 0 
I I 
cm 6 8 10 
RADIUS 
Figure 55. Radial Displacements In 48 Node Spinning Disk FD 25794A 
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Figure 56. Radial aad Tangential Membrane Stresses In 48 FD 25795A 
Node Spinning Diek 
(2) Vibra t ion  Program 
(a) Rectangular P l a t e  
A t e s t  case  on a  1 by 2 i n .  (2.5 by 5 .1  cm) rec tangu la r  p l a t e  wi th  
40 f r e e  nodes ( f i gu re  57) y ie lded  t he  r e s u l t s  shown i n  t a b l e  I .  Com- 
par ison wi th  the f i r s t  four  known mode shilpes (Barton) was i n  good agree-  
ment, a s  is  shown i n  f i g u r e s  58 through 61. The p red ic ted  frequency of 
the  f i r s t  t o r s i o n a l  mode (110 mode), h m ~ e v e r ,  was h igh,  and i s  s t i l l  being 
i nves t i ga t ed  . 
L ~ o d e  Numbers 
Figure 57. Breakup of l-Inch by 2-Inch Rectangular P l a t e  FD 25656 
I n t o  64 Tr iangular  Elements and 40 Free Nodes 
Table I. Cornparisan of Exact and Computed Modes and Natural 
Frequencies of 1 by 2 by 0.1 in, Thick Cantilevered 
Rectangular Steel Plates 
Frequencies, cps 
Mode Exac tJr Existing Program Present Program 
846 844 720 
* Refer t o  Barton in Appendix A 
Figure 58. First Bending Mode of Cantilever Plate FD 25895 
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Figure 59. Second Bending Mode of Cantilever Plate FD 25797 
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Figure 60. First  Torsion Mode of Cantilever Plate FD 25796 
Figure 61. Third Bending Mode of Cantilever Plate FD 25894A 
(b) S ix-Degree Inducer  
A t e s t  c a s e  f o r  a 6-degree induce r  wi th  a 438-degree wrap a n g l e  was 
conducted and r e s u l t s  compared wi th  t e s t  d a t a  a s  shown i n  t a b l e  11. The 
r e s u l t s  were i n  f a i r l y  good agreement,  a t  l e a s t  through the  f i f t h  mode, 
Tab le  11. Mode Shapes and Comparison o f  Na tu ra l  Frequencies  o f  6-Degree 
(0.105-red) Inducer  
Mode Frequency (cps)  
T e s t  Ca lcu la t ed  
Data (P resen t  Program) 
C .  TASK I11 - DESIGN OF TEST INDUCER 
1. Hydrodynamic Design and Analys is  
a .  Pre l iminary  Design 
(1) Requirements 
Task 111 work requirements  c a l l e d  f o r  the  pre l iminary  des ign  of an  
inducer  t o  be instrumented and t e s t e d  i n  Task V I ,  both i n  s t a t i c  r i g s  
and a  c losed  flow loop.  T e s t  r e s u l t s  w i l l  be used i n  the  development 
o f  t h e  computer programs formulated i n  Task 11. 
The fo l lowing performance c h a r a c t e r i s t i c s  were e s t a b l i s h e d  a s  
des ign  goa l s :  
1. Tes t  F l u i d  - Water 
2. Minimum Flow C o e f f i c i e n t  (4) - 0.065 
3. Minimum Head C o e f f i c i e n t  (4) - 0.15 
4. Minimulr! Suc t ion  S p e c i f i c  Speed (Nss) - 40,000. 
During the  Task I11 pre l iminary  desi-gn phase, i t  was found t h a t ,  a l though 
our  s t u d i z s  showed t h a t  a  s u c t i o n  s p e c i f i c  speed of 40,000 could be ob- 
t a i n e d ,  the  low b lade  ang les  and t h i n  b lades  requ i red  would l i m i t  in -  
s t rumenta t ion  and compromise t h e  a c q u i s i t i o n  of e x t e n s i v e  and a c c u r a t e  
test  d a t a .  Therefore ,  t h e  b lade  th ickness  and s t a g g e r  ang le  were s e l e c t e d  
t o  provide good ins t rumenta t ion  coverage,  and t h e  o t h e r  inducer  paramc 2rs 
v a r i e d  t o  o b t a i n  maximum s u c t i o n  s p e c i f i c  speed.  
(2) S e l e c t i o n  of  Basic Parameters 
Three b lades  were s e l e c t e d ,  and ze ro  t a p e r  ang le  was used t o  provide 
adequate t i p  th ickness  f o r  ins t rumenta t ion  and low hub blockage fcr  good 
s u c t i o n  performance. To o b t a i n  va r ious  hydrodynamic load ing  c o n d i t i ~ n s ,  
t h e  mer id ional  a r e a  was reduced by 15% a t  t h e  e x i t ,  and t h e  b lade  was cam- 
bered by 2 deg a t  t h e  t i p .  An i n l e t  t i p  ang le  of 8 deg was s e l e c t e d  t o  
provide  adequate room f o r  ins t rumenta t ion  whi le  ma in ta in ing  a  low ang le  
f o r  good s u c t i o n  performance. 
For s i m p l i c i t y  and e a s e  o f  r i g  modi f i ca t ion ,  a  c o n s t a n t  OD flowpath 
was used. A high s o l i d i t y  was s p e c i f i e d  t o  o b t a i n  a  h igh  work l e v e l  a s  
w e l l  a s  good s u c t i o n  performance. The t i p  speed was l i m i t e d  t o  150 f t / s e c  
(46 mlsec) t o  prec lude  c a v i t a t i o n  damage. A maximum OD and minimum I D  
were used t o  provide  t h e  l a r g e s t  b lade  s u r f a c e  f o r  ins t rumenta t ion .  The 
b a s i c  d e s i g n  parameters  a r e  l i s t e d  i n  t a b l e  111. 
Table 111. Basic Design Parameters 
I n l e t  Exit  
Hub Diameter, i n .  (cm) 2.8 (7.1) 3.74 (9.5) 
Blade Angle-Tip, deg (rad) 
Blade Angle-Hub, deg (rad) 
i 
1 Tip Diameter, i n .  (cm) 7.0 (17.8) 
Blade Thickness, in .  (cm) 0.130 (0.330) 
t Number of Blades 3 
t 
f i 
t Flow Coef f ic ien t  0.07 I 
Head Coef f ic ien t  0.24 
Suction Spec i f i c  Speed 30,000 (min) 
(100% Head F a l l o f f )  
i 3 1 Flow Rate, gpm (m /s) 1060 (0.067) 
1 Rotor Speed, rpm (rad/s)  4900 (513) 
I i 
I b. Flow Path and Blading Design 3 
I 1 
The hub contour and blade angle  d i s t r i b u t i o n  a r e  shown i n  f igure  62. 
The t i p  blade angle was held constant  a t  8 deg f o r  a t angen t i a l  gaplchord 
r a t i o  of approximately one. The blade angle p r o f i l e  from t h i s  point  t o  
the  e x i t  followed the  power d i s t r i b u t i o n  shown i n  f i g u r e  62. This blade 
design i s  pat terned a f t e r  the  "J" blade concept. This design technique, 
i n  incorporat ing a noncambered i n l e t  f o r  a t angen t i a l  s o l i d i t y  of one, 
allows the  leading edge inc idence ' to  be removed before  tu rn ing  the  flow 
i n  the  cambered sec t ion  of t he  blade t o  produce the  des i red  head. I n  
doing t h i s ,  the  blade pressure loading due t o  leading edge incidence 
diminishes before t he  loading due t o  blade camber begins. This prevents 
add i t i qn  of loadings due t o  incidence and camber near the  blade leading 
edge. 
Af te r  the  blade angle  d i s t r i b u t i o n  was determined, t he  channel flow 
area  could then be held constant  s o  t h a t  an acceptable  mean l i n e  r e l a t i v e  
v e l o c i t y  p r o f i l e  would be obtained.  With flow a rea  and t i p  diameter 
constant  and the  blade angle d i s t r i b u t i o n  spec i f i ed ,  an approximate 
hub contour was determined. Because of t he  test r i g  requirement t h a t  
the  inducer e x i t  flow be a x i a l ,  some depar ture  from t h i s  des i red  hub 
i contour was necessary t o  t u rn  the  flow t o  a x i a l .  
i 
The mean r e l a t i v e  v e l o c i t y  p r o f i l e s ,  as determined from the  hydro- 
dynamic program, a r e  shown i n  f i g u r e  63, The ve loc i ty  p r o f i l e s  shown 
a r e  both smooth and devoid of any excessive d i f fu s ion  o the r  than i n  
t he  region of the  leading edge, where some rapid d i f fu s ion  e x i s t s .  
This d i f f u s i o n  i n  the  region of the  lead ing  edge, which is  the  r e s u l t  
of the  rapid turning due t o  leading edge incidence,  w i l l  appear i n  any 
inducer design. It can be t o l e r a t e d  ( i f  the  d i f f u s i o n  v e l o c i t y  r a t i o  
is  not  extremely high) because the  boundary l aye r s  are s t i l l  very t h i n  
near t he  lead ing  edge. 
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Figure  63. Task 111 Inducer  Mean Passage Ve loc i ty  P r o f i l e  FD 25800 
c .  Performance Evaluat ion  
(1) Noncavi t a  t ing  
The p red ic ted  inducer  performance o p e r a t i n g  under noncav i t a t ing  
cond i t ions  is shown i n  f i g u r e  64. Based on t h e  n o n c a v i t a t i n g  r e s u l t s  
of  t h e  NASA 12-deg (0.21-rad) h e l i c a l  inducer  d i scussed  i n  paragraph Bld, 
above, it would appear  t h a t  some f a l l o f f  i n  a c t u a l  head c o e f f i c i e n t  would 
r e s u l t  a t  t h e  lower i n l e t  flow c o e f f i c i e n t s .  Although no requirement f o r  
hydrodynamic e f f i c i e n c y  was e s t a b l i s h e d ,  it is f e l t  t h a t  t h e  p red ic ted  
des ign  e f f i c i e n c y  is t y p i c a l  of many inducer  des igns .  
(2) C a v i t a t i n g  
A s  previous ly  d i scussed ,  some compromise i n  inducer  s u c t i o n  per-  
formance was made t o  a l low proper i n s t a l l a t i o n  of  p r e s s u r e  and s t r a i n  
gage ins t rumenta t ion .  A s  shown by f i g u r e  65, a  p r e d i c t e d  n e t  p o s i t i v e  
s u c t i o n  head of approximately 8 f t  (2.4 m), corresponding t o  a  s u c t i o n  
s p e c i f i c  speed of 33,300, can be reached a t  complete head f a l l o f f .  
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Figure 64. Task I11 Inducer Noncavitating Performance ED 25799 
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Figure 65. Task I11 Inducer Zavi ta t ing  Performance FD 25887A 
2. S t r e s s  Analysis 
a.  Hydrodynamic Loading 
The blade pressure loadings were obtained from the  hydrodynamic 
analyses discussed above. Those loadings a r e  shown fo r  noncavi ta t ing 
operat ion a t  100% speed and 103% flow i n  f i gu re  66, This f i g u r e  shows 
i sobars  plot ted on a f r o n t a l  view of the  inducer. Regions f o r  varying 
l e v e l  of hydrodynamic loading a r e  indicated.  
Note t ha t  the  hydrodynamic loading is h ighes t  near the  leading edge 
and decays r ap id ly  away from the  leading edge. This i nd i ca t e s  t h a t  the  
highest  lopdings a r e  caused by incidence tu rn ing  of  the  flow. Fur ther  
invest igat ion of the  loading r e l a t i o n  previously discussed shows t h a t  
these  high tangent ia l  loadings a r e  caused pr imari ly  by d i f f u s i o n  of  
the  flow. 
Figure 67 shows the  hydrodynamic loading f o r  t he  c a v i t a t i n g  case  a t  
100% speed, 100% flow, and NPSH = 20 ft (6.1 m) a t  approximately 10% 
head f a l l o f f .  The reduction of peak hydrodynamic leading l e v e l  is obvious 
on comparing f igu re s  66 and 67. A s  previously discussed,  the  vapor cav i ty  
has grown t o  "spread" the flow turning over a longer d i s tance  and reduce 
the peak pressure grad ien ts .  Note, however, that f a r  away from the  leading 
edge the  flow is s t i l l  tu rn ing  as the  cav i ty  develops so  t h a t  moderate 
loading l e v e l s  p e r s i s t  a t  a s i g n i f i c a n t  d i s t ance  from the  leading edge. 
I n  f a c t ,  the ana lys i s  i nd i ca t e s  t h a t  the  peak loading has s h i f t e d  from 
the  leading edge a s i g n i f i c a n t  d i s t ance  i n t o  t he  inducer. 
Blade h d i n g  psi 
. . . . . . . . . . -  < 10 f"J 
Figure 66 .  Task 111 Inducer Design Blade Loading 
Distribution, 100% Speed, 100% Flow 
(No Cavity) 
Blade Loading 
Figure 67. Task IIX Inducer Design Blade Loading 
Distribution, 100% Speed, 100% Flow, 
NPSH = 20 f t 16. l m J  
It should be noted t h a t  i t  was necessary t o  i n p u t  a  very h igh  i n l e t  
pressure  (very low s u c t i o n  s p e c i f i c  speed) t o  o b t a i n  a  n o n c a v i t a t i n g  con- 
d i t i o n ;  i , e . ,  a  p ressure  on t h e  s u c t i o n  s u r f a c e  of t h e  b lade  h igher  than 
s a t u r a t i o n  pressure .  The absence of  any vapor c a v i t y  then allowed t h e  
hydrodynamic loadings t o  become very h igh ,  a s  i n d i c a t e d  i n  f i g u r e  66.  
For t h e  p r a c t i c a l  l e v e l  of s u c t i o n  s p e c i f i c  speed,  t h e  program p r e d i c t s  
t h a t  t h e r e  a c t u a l l y  w i l l  e x i s t  a  smal l  vapor c a v i t y .  This  p r e d i c t i o n  
seems t o  be confirmed by v i s u a l  obse rva t ions  of vapor c a v i t i e s  i n  
inducers  opera t ing  a t  r e l a t i v e l y  low s u c t i a n  s p e c i f i c  speeds ,  Although 
t h i s  c a v i t y  i s  smal l  enough s.3 t h a t  i t  does no t  s i g n i f i c a n t l y  a f f e c t  
o v e r a l l  performance, i t  s t i l l  has a  cons ide rab le  e f f e c t  on reducing t h e  
hydrodynamic loading.  
F igure  68 shows t h e  loading l e v e l s  obta ined from t h e  hydrodyamic 
a n a l y s i s  a t  an i n l e t  NPSH of 65 f t  (213 m). The e f f e c t  of t h e  c a v i t y  
i n  reducing t h e  loadings q u i t e  s i g n i f i c a n t l y  can be seen by comparing 
f i g u r e s  66 and 68. The peak p ressurc  load ing  has been reduced by almost  
a  f a c t o r  of four .  Although t h e  e f f e c t  of  t h i s  c a v i t y  on load ing  is ve ry  
important i n  reducing stresses, it  has ,  a s  p rev ious ly  s t a t e d ,  no s i g -  
. n i f i c a n t  e f f e c t  on inducer  performance. This  can be seen i n  f i g u r e  65 
a t  an NPSH value of 65 f t  (223 m) . 
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Figure 68. Task 111 Inducer Design Blade Loading 
D i s t r i b u t i o n ,  100% Speed, 100% Flow, 
NPSH =65 f t  (19.8M] 
Figures  67 and 6 8 ,  both r e s u l t i n g  from ana lyses  where c a v i t i e s  a r e  
p r e s e n t ,  show nega t ive  loadings.  These loadings  occur near  t h e  p o s i t i o n  
where the  c a v i t y  c o l l a p s e s  on the  s u r f a c e  of the  b lade .  Eecause of  the  
shape assumed f o r  t h e  c a v i t y ,  t h e  flow c u r v a t u r e  and v e l o c i t y  g r a d i e n t  
r e v e r s e  a f t e r  t h e  p o i n t  of maximum c a v i t y  he igh t .  (See f i g u r e  69.) 
A s  p rev ious ly  d i s c u s s e d ,  t h e  shape of t h e  c a v i t y  was a r b i t r a r i l y  assumed 
t o  be symmetric about  t h e  p o i n t  of maximum he igh t .  Therefore ,  t h e  
accuracy of the  load ing  i n  t11is reg ion  may be ques t ionab le .  Fur the r  
eva lua t ion  of t h e s e  i n d i c a t i o n s  w i l l  be made i n  Task V I ,  bo th  e x p e r i -  
menta l ly  and t h e o r e t i c a l l y ,  i n  t h e  development of  t h e  computer programs. 
S p e c i f i c a l l y ,  a b e t t e r  model f o r  t h e  c a v i t y  shape w i l l  be sought .  
The hydrodynamic loading f o r  100% speed and 80% flow was evaluated  
and was found t o  b; comparable t o  the  100% flow cond i t ion .  From t h i s  
r e s u l t ,  i t  was concluded t h a t  t h e  hydrodynamic loading,  and t h e r e f o r e  
the s t r e s s e s ,  would no t  vary  s i g n i f i c a n t l y  over  t h e  range of flow of 
80% t o  120%. 
Point AT 
Figure  69. E f f e c t  of Cavi ty  Shape On S t reaml ine  Curvature  FD 25570 
b. S t r e s s  C a l c u l a t i o n s  
The hydrodynamic loads  presented  above were i n p u t  t o  t h e  s t r e s s  
ana lyses ,  u s i n g  t h e  computer program formulated i n  Task 11. Three oper-  
a t i n g  cond i t ions  were run and t h e  r e s u l t s  have been p l o t t e d  a s  e f f e c t i v e  
s t r c s s  contours  on a f r o n t a l  view of t h e  inducer ,  s i m i l a r  t o  t h e  load ing  
p l o t s  : 
I 
Figure  70 - Noncavi ta t ing ,  100% speed,  100% flow (no c a v i t y )  
F igure  71  - Noncavi ta t ing ,  100% speed,  100% flow, NPSH = 65 f t  (21.3 m) 
1 Figure  72 - C a v i t a t i n g ,  100% speed, 100% flow, 'NPSH ;= 20 f t  (6 m) 
The 100% speed,  100% flow, no c a v i t y  c a s e  ( f i g u r e  70) had t h e  h i g h e s t  
peak e f f e c t i v e  stress, a va lue  o f  approximately 80,000 p s i  (55,158 ~ / c m ~ )  
a t  t h e  hub l e a d i n g  edge. However, s i n c e  t h e  r i g  tesrs w i l l  n o t  be run a t  Y' 
t h e  h igh  l e v e l  of  pressure requ i red  t o  completely e l i m i n a t e  t h e  c a v i t y ,  
t h i s  l e v e l  of stress should never  be reached. 
F i g u r e  71 shows t h e  stress l e v e l s  a n t i c i p a t e d  i n  t h e  Task V I  test  
program f o r  t h e  "noncavitatii ig" case .  These stresses a r e  c a l c u l a t e d  from 
t h e  loadings  obta ined w i t h  NPSH = 65 f t  (21.3 m). The peak s t r e s s  i s  on ly  
about  16,000 p s i  (11,031 ~ / c m ~ )  and occurs  a t  t h e  hub b lade  l e a d i n g  edge. 
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Figure 70.  Task 111 Inducer Design Stress  Level 
Distribution,  100% Speed, 100% Flow 
[NO Cavity 1 
Blade Stress - psi N /c ,~  
Figure 7 1 .  Task 111 InducerWDesign Stress Level 
Distribution,  100% Speed, 100% Flow, 
NPSH = 65 ft [ 1 9 . 8 ~ 1  
Figure 72 shows t h a t  t h e  c a v i t a t i n g  case  has about t h e  same s t r e s s  
l e v e l  as the  "noncavitat ing" case  a t  the  hub on the  b lade  leading edge. 
However, f u r t h e r  back i n  t he  inducer ,  the  c o l l a p s e  of the c a v i t y  caused 
a h igher  s t r e s s  of  approximately 24,000 p s i  (16,547 cm). However, i t  
is r e c a l l e d  t h a t  the  loadings a t  t h a t  po in t  a r e  ques t ionab le  due t o  the  
assumption concerning the c a v i t y  zllape 
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Figure  72. Task I11 Inducer Design S t r e s s  Level 
D i s t r i b u t i o n ,  100% Speed, 100% Flow, 
NPSH = 20 f  t 16. l m l  
3. Vibra t ion  Analysis  
Vibra tory  c h a r a c t e r i s t i c s  of the  Task 111 inducer were obta ined us ing 
t he  v i b r a t i o n s  program formulated i n  Task 11. Mode shapes and f requenc ies  
f o r  the f i r s t  four  modes of v i b r a t i o n  a r e  shown i n  f i g u r e  73. The lowest  
n a t u r a l  frequency was found t o  be much g r e a t e r  than any system e x c i t a t i o n  
frequency t h a t  w i l l  be  experienced during normal opera t ing  cond i t ions .  
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Figure  73. Task I11 Inducer  F i r s t  Four Vibra to ry  
Mode Shapes 
4. Ins t rumenta t ion  Design 
Ins t rumenta t ion  p rov i s ions  were designed i n t o  t h e  inducer  f o r  measure- 
ment of t h e  fo l lowing d a t a :  
1. Blade s teady-s t a t e  s t r a i n  
2. Blade v i b r a t i o n  s t r a i n  
3. Blade and hub s t e a d y - s t a t e  s u r f a c e  p ressures  
4. Blade v i b r a t o r y  s u r f a c e  p ressures .  
Space l i m i t a t i o n s  on t h e  inducer  b lades  and s l i p  r i n g  c a p a c i t y  
n e c e s s i t a t e d  t h a t  t h e  d a t a  be obta ined from two t e s t  s e r i e s :  t h e  f i r s t  
f o r  s t e a d y - s t a t e  and v i b r a t o r y  s t r a i n  and t h e  second f o r  s t e a d y - s t a t e  
and v i b r a t o r y  p ressures .  Some s t r a i n  gages w i l l  be comon t o  both 
tes t  s e r i e s  t o  ensure  d a t a  c o n t i n u i t y .  
S t e a d y - s t a t e  s t r a i n s  w i l l  be measured w i t h  e igh teen  t h r e e - d i r e c t i o n  
s t r a i n  gage r o s e t t e s  l o c a t e d  a s  shown i n  f i g u r e  74. These l o c a t i o n s  
c o i n c i d e  w i t h  t h e  maximum stress a r e a s  of  f i g u r e  70, The use  of r o s e t t e s  
i n s t e a d  of s i n g l e  d i r e c t i o n  gages a t  each l o c a t i o n  w i l l  permi t  de te rmina t ion  
of  s t r e s s  and s t r e s s  d i r e c t i o n  a t  each po in t .  S i x  of t h e  r o s e t t e s  w i l l  be 
placed on each of  t h e  t h r e e  b lades  t o  f a c i l i t a t e  r o u t i n g  t h e  l e a d s  down 
t h e  b lades  and i n t o  t h e  inducer  hub. A l l  r o s e t t e s  w i l l  be a t  d i f f e r e n t  
l o c a t i o n s  excep t  a t  t h e  i n l e t  r o o t .  This  is t h e  a r e a  of  maximum stress, 
and a l l  b lades  w i l l  have a  r o s e t t e  a t  t h i s  l o c a t i o n  t o  ensure  t h a t  gage 
f a i l u r e  does n o t  prevent  measurement o f  maximum s t r e s s .  These common 
r o s e t t e s  w i l l  a l s o  be used t o  check t h e  degree  of  stress s i m i l a r i t y  
between blades i n  l abora tory  s t a t i c  load t e s t s .  S l i p  r i n g  capaci ty  
w i l l  limit the number of r o s e t t e s  recorded t o  twelve. Roset tes  indicated 
as  spare  i n  f i gu re  74, together  wi th  two of the  i n l e t  r o o t  r o s e t t e s ,  
w i l l  be connected t o  the  s l i p  r i n g  and recorded only i f  primary r o s e t t e s  
should f a i l .  A l l  gages w i l l  be located on the  blade pressure  sur face  
f o r  measurement of t o t a l  s t r a i n  (bending plus membrane). 
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Figure 74. S t r a i n  Gage Locations - Blades 
No. 1, 2,  and 3 
Vibratory s t r a i n s  w i l l  bn measured with  che same gages shown i n  
f i gu re  74 by running seve ra l  add i t i ona l  t e s t s  and recording v ibra tory  
s t r a i n  s igna l s .  These s t r a i n s  a r e  expected t o  be minor, however; and 
it  is expectea t h a t  t he  most usefu l  v ib ra to ry  da t a  w i l l  be obtained 
from shaker t a b l e  t e s t s  wi th  gages located according t o  inducer nodal 
pa t t e rns .  
Steady-s ta te  blade and hub ' sur face  pressures w i l l  be measured by 
i n s t a l l i n g  pressure  t aps  f l u s h  v i t h  the  blade and hub surfaces .  The 
taps  w i l l  be i n s t a l l e d  by machining grooves i n  t he  blade surfaces  and 
ho les  through the  inducer hub t o  accommodate 0.040-in. (1.016-mm) 
diameter tubing. Tubing w i l l  then be l a i d  i n  the  grooves and routed 
t o  the  inducer inner  cav i ty  through the  holes i n  the  hub. Epoxy 
cement wrll be used t o  f i l l  the groove, f a i r  the  blade sur face ,  and 
hold the  tube i n  place. Each pressure  t a p  tube w i l l  then be connected 
t o  a pressure  scanning valve* - t ransducer assembly mounted i n  the  
t,,. 
$1 *Scenivalve Co. , San Diego, Ca l i fo rn ia ,  Model No. 48D9. 
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inducer  hub a s  shown i n  f i g u r e  75. The scanning va lve  i s  capable  of  
connect ing 48 p r e s s u r e s  s e q u e n t i a l l y  t o  a s i n g l e  t r ansducer .  A schematic  
of the va lve  is shown i d  f i g u r e  76, The t r ansducer  w i l l  be a  d i f f e r s n t i a l  
type  w i t h  t h e  r e f e r e n c e  s i d e  connected t o  a  t o t a l  p r e s s u r e  t a p  i n  t h e  
inducer  nosepiece.  E l e c t r i c a l  l eads  from t h e  v a l v e  d r i v e  so leno id ,  
scanning p o s i t i o n  i n d i c a t o r ,  and t r ansducer  w i l l  be routed  through t h e  
r i g  s h a f t  f o r  connect ion  t o  a  s l i p  r i n g  assembly i n  t h e  r i g  d r i v e  t r a i n .  
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Figure  75. P ressure  Scanning Valve I n  Inducer  Hub 
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Figure  76. Schematic of P r e s s u r e  Scanning Valve 
Pressure  t a p  l o c a t i o n s  i n  t h e  inducer  b lade  and hub a r e  shown i.n 
f i g u r e  77. The t a p s  a r e  loca ted  a long four  d e s i g n  p o i n t  s t r e a m l i n e s  
a t  n ine teen  a x i a l  b lade  p o s i t i o n s .  The same tubes  w i l l  be used t o  
sense  p ressures  a t  a l l  f u u r  r a d i a l  l o c a t i o n s  bjj running a s e r i e s  of  
four  tests. Pressures  a t  o u t e r  r a d i i  w i l l  be measured f i r s t  a f t e r  
which the  inducer  w i l l  be removed, o u t e r  t a p s  plugged, and new 
t a p s  d r i l l e d  a t  the  nex t  i n n e r  r a d i u s ,  Two of t h e  t h r e e  inducer  b lades  
w i l l  be used t o  accommodate t h e  p r e s s u r e  t a p s  w i t h  each b lade  having 
a l t e r n a t e  p ressure  and s u c t i o n  t a p s  a long  its chord t o  avoid back-to- 
back grooves i n  t h e  b lade .  P ressure  s u r f a c e  t a p s  a t  l o c a t i o n s  2 ,  8, 
and 1 3  will be i n s t a l l e d  and read f o r  a l l  p r e s s u r e  t e s t s  t o  ensure  d a t a  
c o n t i n u i t y  w i t h i n  t h e  p r e s s u r e  test s e r i e s .  One s t r a i n  gage, a t  t h e  
i n l e t  r o o t ,  w i l l  a l s o  be i n s t a l l e d  on b lade  No. 3 f o r  t h e  f i r a t  p res -  
s u r e  t e s t  t o  check c o n t i n u i t y  w i t h  t h e  s t r a i n  gage test  s e r i e s .  
F igure  77. P ressure  Tap Locat ions - Blades 1 and 2 FD 25876 
Pressure  t a p  measurements w i l l  be complicated somewhat by t h e  
c e n t r i f u g a l  e f f e c t  on t h e  f l u i d  i n  t h e  r a d i a l  tubes .  The readings  can  
be e a s i l y  c o r r e c t e d ,  b u t  t h e  f l u i d  i n  t h e  t a p  tube  must be s i n g l e  phase 
of known d e n s i t y .  This  w i l l  no t  be t h e  case when b lade  s u r f a c e  pres-  
s u r e  a t  t h e  t a p  is lower than  vapor p r e s s u r e  p l u s  c e n t r i f u g a l  p r e s s u r e  
i n  t h e  t a p  tube. To c o r r e c t  t h i s ,  a modified p r e s s u r e  scanning v a l v e  
w i l l  be ordered  with a p r e s s u r e  connect ion i n t o  t h e  space  behind t h e  
va lve  and a ho le  through the  r o t o r  one space  ahead of the  c o l l e c t o r  
s l o t .  This  space w i l l  be connected w i t h  0,040-in. (1.016-nan) d iameter  
tub ing  t o  a s e a l e d  annulus on t h e  test r i g  d r i v e  s h a f t .  GN2 p r e s s u r e  
app l i ed  a t  t h e  annulus w i l l  then  purge each p r e s s u r e  tube  j u s t  p r i o r  t u  
its being connected t o  t h e  t r a n s d k e r ,  and it can be assumed t h a t  t h e  
tube  w i l l  be completely f i l l e d  w i t h  GN2 a t  t h e  t r ansducer  measured 
pressure .  
Pressure f l uc tua t ion  magnitude and frequency w i l l  be measured dur ing 
the f i r s t  pressure  t e s t  with s i x  miniature s t r a i n  gage transducers 
(Kuli te)  i n s t a l l e d  f l u sh  with the suc t ion  sur face  of blade No. 3. The 
transducers w i l l  be located near the blade t i p ,  as  shown i n  f i g u r e  78, 
f o r  measurements of pressure f l uc tua t ions  i n  the most severe cav i t a t i on  
a t  ea. 
Angular L~lcat ion, 9 
Surface Pressu re Transducers 7 
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Blade Leading Edge 
Miniture Transducer Locations - Blade No. 3 
5. Test  Rig Design 
The inducer and instrumentation were designed i n t o  an e x i s t i n g  water 
loop t e s t  r i g  a s  shown i n  f i gu re  7 9 ,  S t r a i n  gage, scanning valve,  and 
miniature transducer leads  w i l l  be routed through the  d r i v e  s h a f t  t o  a 
s l i p  r i n g  assembly i n  the  d r i v e  t r a i n  a t  the  r e a r  of the  r i g .  The 
inducer is overhung from the  d r ive  s h a f t  wi th  the  pressure  scanning 
valve i n  i t s  hub. An a c r y l i c  p l a u t i c  (Dupont Lucite)  s leeve  is used 
t o  house the  inducer and permit observation of c a v i t a t i n g  flow. The 
sealed annulus a t  the  r e a r  of the  r i g  w i l l  be used t o  purge the  pressure  
scanning valve and inducer pressure  t a p  tubes. 
The r i g  s h a f t  assembly f i r s t  c r i t i c a l  speed was ca lcu la ted  as  6200 rpm 
(649.3 r ad l s )  . This is wel l  above maximum t e s t  speed of 4900 rpm 
(513.1 r ad l s ) .  S t r e s s e s  a t  c r i t i c a l  a reas  were a l s o  ca lcu la ted  f o r  a l l  
operat ing condi t ions ,  and a l l  p a r t s  were found t o  have adequate s a f e t y  
margins. 
Figure 7 9 .  Inducer Test Rig 
SECTION 111 
CONCLUDING REMARKS 
Computer programs have been w r i t t e n  f o r  t h e  p r e d i c t i o n  o f :  
Inducer performance (noncav i t a t ing  and c a v i t a t i n g )  and 
b lade  p r e s s u r e  loading 
Inducer b lade  s t r e s s  d i ~ t r i b u t i o n  due t o  p r e s s u r e  and 
c e n t r i f u g a l  loading 
a Inducer  b lade  resonant  f r equenc ies  and a s s o c i a t e d  s t r e s s  
d i s t r i b u t i o n s .  
The computer programs have been c o r r e l a t e d  a g a i n s t  a number of e x p e r i -  
mental and exact  s o l u t i o n  t e s t  cases  with s a t i s f a c t o r y  r e s u l t s .  
An inducer  and t e s t  r i g  have been designed with p rov i s ions  f o r  measure- 
ment o f :  
Blade s t eady  p r e s s u r e  d i s t r i b u t i o n  
Blade v i b r a t o r y  p resaure  magnitude and frequency 
Blade a teady s t r a i n  d i s t r i b u t i o n  
Blade v i b r a t o r y  s t r a i n  magnitude and frequency. 
A s e r i e s  of t e s t s  i n  water  a r e  planned, and t e s t  d a t a  w i l l  be cor-  
r e l a t e d  wi th  computer program predictions. 
" .REPRODUCIBIL"ITY OF T H E  O R I G I N A L  P A G E  IS P O O ~  ' I  
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md J. I(. l u r y r a .  H r s t  Cdttton. 1963.1 An enact ao lu t ion  
t a  presented fo r  the two-dlrmalonal 1 1 w  f i e l d  throu lh  
a  l o t t i c e  o f  f l a t ,  a t r a i w t  a i r f o l l a  ualng conformal mappinu 
t0Chnique8 w i t h  uae o f  a  ~ ~ n e r r l i r r t i o n  a t  the Joukocnkl 
t rma lomar lon .  t r v a t u n t  f o r  both a t a ~ w r e d  m d  non8ta118rwd 
f l a t  ( u n c r k r e d )  a i r f o i l a  l a  8 iwn .  Cn tmr lon  o f  the theory 
t o  include r t r f o l l a  o f  vartour camber md t h t c k n r a  c m  k 
made. ( k e  Unlted A l r c ra f t  b a r a r c h  k p a r t n n t  IOpOrt 
1-23010-12, l o b  23, 1933.), 
a. Veloci ty and Iraaaura D l a t r l b u t l o ~ .  
I. ~ c o r i n .  A. l., "An t x p e r l r n t a l  and Th.orrt lca1 Invra t l .  
8 r t l o n  o f  h to -D l rna iona l  Cent r l fu~n l -hrmp I n p l l e r a , "  Tranr. 
AUQ 76, 5 ,  149 763, l u l y  1'154. An r m p c r l r n t a l  and theo- 
r e t i c a l  lnveat lsa t lon on a  a r r l es  o f  two -d l rn r i ona l  c r n ' r l l -  
ulal-pump l npc l l c ra  hra been u d r  i n  an e f f o r t  t o  drtvrmln- 
thr uncfulneaa o f  potent ia l  theory for  thr deacr lp t lun  u f  
thr f l w .  Computad value8 e f  the devcloprd haad and pruaautr 
d ta t r l bu t l on  on the vane aurfocae are cumpared w l t h  n*.raurI-- 
r r n t a  on tw-, four*, m d  alx-vaned l o ~ a r l t h . 1 ~  splr.1 
l l po t l e ra .  lh aa ree rn t  k t n e n  tho obaervmd and p r rd l c t rd  
quencltlea l a  r r awnab l y  8ood for  o p r a t l n g  pulnta uh r r r  t h r  
inf luence o f  the i n l e t  t u rn  on the l n t r r n a l  f l w  l a  I r aa t .  
tha diacr*panclea uhlch ocrur a t  uthor f l w  rate. a t r  a t t r l -  
buted t o  rea l  l l u l d  r f f e c t a  Irhlch are obmrtved i n  the lm- 
. - 
2. kt*, A., 'Vn tho Calculat ion o f  Ceacde ? l w  a t  I a l r l y  
Craat Olatancea k t w c n  the Blrdea," ( i n  O r run ) ,  Um 11. 
4. 113-116, A p r l l  1953. r l n @ u l a r l t y  mthod for  calm 
c u l r t l n l  thr f l w  ardund a l r f o l l a  i n  camcad. w a  devcloprd 
by the author i n  1931. Ih. fundewntal  idea o f  t h i n  r tM 
conateta i n  r rp lae lng the a l r f o l l a  i n  cascade rlthrr by 
a l n l l e  vort.net -* by contlnuoua d la t r l bu t l on r  o f  vortemea. 
Thc f l w  ar'tmd each a l r f o l l  w l l l  then k found by the 
aup rpoa l t l on  o f  three f l w e :  ( I )  hr f l w  uhlch l a  not  
k i n @  d l a t u r k d  uy tha a l r f o l l  I n  earcode ("man flow"); 
(2) the f l w  h l c h  l a  induced by t h r  a t r f o l l  i n  quratlcxt 
(1) the f l w  which l a  induced by the r r w i n l n 8  a l r f o l l a .  
By ~ p p l l c a t l o n  o f  sources ~ n d  alnka ono c m  a160 take i n t o  
conaideratlon the ahapr ( thlckmaa) of thr a l r f o l l a .  
Ih. calculat lona fo l lw ln l ;  t h l a  r t h o d  can 8 e n r r r l l y  k 
executed only by l araphlcal  ln te#ra t lon.  I n  t h ta  came both 
pr lnc lpa l  teaks - (a) calculation o f  t h r  shape o f  the a i r -  
fo t la .  und (b) atudy o f  tho e f f e c t  o f  any ax ia t l np  a i r t o l l s  
J. Math. my., 3i, I, 5442, br  i933. t he  paper p w w n t a  
a  t h ro re t t ca l  ao lu t ion  md .wpar laon v i t h  e n p r l m m t  for  
the eecandary f t w  w i rh l n  l k n d  o f  l tube v l t h  f s c t m w l a r  
eroaa aectlon. t he  theory nr f l lec t r  v iacoa l ty  md cap reaa l -  
b l l i t y  md u t l l l a e a  l l n e a r i r r d  cquationa o f  motion f o r  the 
secondary f l# .  t he  equetlona ere aolvrd for  the I n i t t a t  
condit tona o l  eonatmt ata@atlon preaauw i n  thr r a d l a l  
d i r ec t i on  md l i n e a r  decremae f r m  the center t o  the upper 
md lwrr walla. the rheo re t l c r l  reau1:o agree wlt w l th  
enprrimrnta a t  the 30' a ta t ton o f  r? &-in. x  8-in. aquare 
tube w l t h  a  90. berd o f  mrm radium :8 in .  t he  amremn t  
la,  hduowr. on ly  a l l & t l y  b c t t r r  than i t  i r  f o r  the 
a t . p l l f t e d  theory o f  l q u ? r r  md Ylnrer ,  which aasuu r  tro- 
d l m a i o n a l  f l a v  md ..el lcr ta chmrps 11  the d l r e c t l o n  o f  
lncreaain# bend m ~ l r .  I t  1. c o ~ ~ l u d e d  that,  f o r  c a r e l  the 
a a a  aa o r  l ee r  revere than t ha t  i n w m t i ~ a t r d ,  tho a l u p l t f l e d  
theory l a  adrquatr fo r  corrocttona t o  th' flw I n  the blade 
paasaya o f  a  ccq rea ro r .  
I n  caacade - can be rolved w l t h  any au f f l c l en t  exoctncrs. 
( h e ,  e.[., A M  462, 1952.) 
I n  th la  paper, the author conaldorr l n f l n l t e l y  t h l a  a i r -  
t o l l a  i n  caacade. the t h l r d  o f  tho above-rnt loned f l m a  
11 reprrarnted by a  n r l e a  d*velop.ltnt. Only t h r  f l r a t  term 
need k ured whon there are auf!Lctently 8m.t dlatancra 
k t w r n  tha a l r f o l l a  I n  carcad*. .'+. c a a l d c r a t l o n  o f  * 
z .rr tain d l a t r l b u t l o n  o f  v o r t l d t v  . , I )  r l o n ~  the a t r f o l l ' ~  
Ienqth  1 is r*'uced t o  turninn a G .&a md amcnta o f  I n e r t i a  
o f  t ~ u  otmtr lbut lon o f  v o r t l c l t y  l 'hla r r n a  a  conalderable 
a b r l d m n t  o f  tho ca lcu la t lona l  vork, and au f f l c l en t  rxactnaaa 
w l l l  b. o b t a l n d  for  l a r l e  dlntancea betmen the a l r f o l l a  i n  
caacde. 
8  R l l i a ,  0.0.. and J.D. S tan l t r ,  ' W - D t ~ c n s l o n a l  C a -  
preaa ib l r  t lw  i n  Cent r l fu8a l  Caprearor  With L g a r 1 t ) r l c -  
Sp i ra l  Bladee." I K A  t* 2255. I 6  pp., 1m. 1951. Authora 
apply w t h o d r  previously dewlopod by t h r  aecond m ~ t h o r  
t o  i n w r t l m a t e  f low i n  l corqrraaor h e r e  the c r ~ t t e t  l l n r  
o f  the f l w  pmaaamea l l e 8  t n  a  rl&t r r r c u l a r  corn, the 
n i a  o f  which i a  co inc ldrn t  w i t h  tho axia o f  'he comprraaor. 
The q u m t t t r t l w  reaultm, obtninrd by re lma t l on -w thod  
technlquea, ind lcate  that  a  r e d u c t l m  i n  eddy f l w  may be 
a t t o l a d  w i t h  backward or  f o n a r d  c u r w d  bladeb #a c m -  
p a r d  t o  r a d l a l  blader. The au$6eac,ir, o f  i up rowd  ad lebe~  
efficiency f o l l w a  i u d l a t e l y .  l n 6 ~ c a t e d  conr tmcy o f  
n t a t i c  preaaure r a t i o  b.h.n r t r a l ~ h t  m d  c u r w d  blmder 
ruuemt  t ha t  the dtffumer problea l a  leaa c r l t l c a l  w i t h  
b w h a r o  . r m d  b l rdra .  3. mown, I. L., and I. C. t rou t ,  '(Axially-8yaatric I lw  
8,twen heacr tbed Burfacer and P u p  I n l e t  Deai8n," A#- 
h p r  63-*WET-32 fo r  Wtiq 3 t o  7  k r c h  1913, 5 p. Study 
t o  d.tamlno actual v e l a l t y  d l a t r l bu t l ona  k c w e n  rurfacam 
o f  r w o l u t l m  from e x p r l m t a l  data. and d r a l ~ n  o f  1 q . l l e r  
on t h l a  baala t o  are t o  what extent pe r fo runca  could ba 
improved; teat  data w r a  run on water a t  5JO.000 L., and 
on a i r  a t  180,000 I;.: reau l ta  compared w l t h  po ten t i a l  
pat tern  predlctad on baala o f  nonvlacoua f l u l d  f l w .  
4. Carter, A. 0 .  S.. "Blade I r o f l l e a  for  A x i a l - l l w  Pans, 
Puq r .  Comprearara, etc.  ," I roc .  I n r t n .  Mach. C w r r .  (Appl. 
Mach.) 175, 15, 175-801, 1911. I n  t h l a  p a p r  tha oaaic 
f r t q r a  coatroll lap, blade*wcclon por foruace are f l r a t  
e n r i n d .  I t  l a  r*orr, that rubatant la1 d!:twrencar I n  
p r f o r r r e  u y  k enprcted from p r o f i l , ~  hav l l y  different 
f l u l d  aurface w l o c l t y  d la t r lbu t iona.  Iboa m o w  d l a t r l b u t i o r e  
f w e r  a  wide w r k i l y  r a w 0  d a l e  a lo thar  u y  k -re ru t t ab le  
f o r  w r y  h i l b -aped  o y r a t l m ,  and ao on. A dmalrad ve loc l t y  
d i a t r l b u t l o a  u y  k nh levad  by appropriately n l e c t i w  
tba v a r i w a  pbyalcal p e r a r t e r r ,  much aa w x i w  t h l c k u r a ,  
wrltim o f  u x l w  tb l ckuaa .  m r r t l o a  o f  maximum c a h r .  
kt Intendel f o r  er tab l lah tn8 d e a l p  criteria, the 
c a p l t e d  reau l ta  c l r - r  - Ind lca te  the d e a l r r h i l l t y  o f  
oxpe r lwn ta l  l n w a t l .  ' m a  upon uh lch deaisn c r l t e r l a  
may be baaed. 
9. tmtl. I.. ' Z l m n t a r y  l a e q r e a a i b l e  Solut ion f o r  the 
?orfolnmce o f  A i r f o i l r  o f  k b i t r e r y  Rape  I n  m Arb i t rary  
Cascade," United A i r c r a i t  Corporat ion baea rch  0.per-t, 
Report 1-23010-12, teb 23. 1953. A ao lu t ion  l o r  the 
lncmpreaalble. hro-dbenaional preaaure d i a t r t b u t i o n  on 
an erb l t rmry  a t r f o l l  I n  cercode !a d e r l w d  u a i n l  a  c d l n a -  
t l o n  o f  the conformal t r m a f o r m a t l ~ ~  md a i n p l l a r l t y  method#. 
tba confomal  a r p p t q  technique l a  u w d  t o  t r m r f o r r  the 
flw about c i r c i ~  i n  one p l a w  i n t o  a  l a t t l c r  o f  a t w e r e d  
f l r t - p l a t e  a l r f o i l a  i n  mo tho r  p l m .  h r c a  and r i n k  
p t e n t l a l a  are then d la t r l bu ted  .lory ch. wr facca o f  the 
f  l e t - p l a te  a i r f o l l r  t o  produce the coa t r l bu t l on  o f  v e l o c l t y  
potent la1 r e a u l t t ~  ' f r o  m l r f o l l  th lcknear and ahapa. t he  
ao lu t ton l a  presented i n  tk form o i  m t n t e l r d  equ&tlon, 
ub ich l a  * r a l l y  a o l n d  by i t e ra t i * .  p rocdure.  m d  1s 
r r i d l v  conwrmmt. 
;re. adalct. d o f i n  t& h i&  P r o h i e .  t*u i f  per t rcu lar  
psr forueca I n  t e r u  o f  l n l a t  a.(~Ie. & f l a c t i m .  k h  e r ,  
and i n l d m c e  a d  k c b  d r  racy.  Lr rptw1fi.d. t b z a  u l l l  
ba a particular b l d .  p r o f i l e  t o  Lo Lba job. Tbaae c o d i t l a r  
w i l l  L.Y. ban & t e r d ~ ~ d  by tb. ove ra l l  C a l 8 s  cow ido r -  
a t l a * ,  and tba var iour featurea crblch C*. p r o f l l e  d e r l 8 u r  
can than c b a e  to  w e t  tbam ere f u l l y  d t a c u r a d  i s  C l u  
u c o d  prrt o f  tb. ppr. 
I n  Uu f l u 1  ~ c t i o n  tk raqalr .rntr  o f  ror l L l u ~ t r * t l ~ *  
e p p l l c r t i o u  ere dircuaaed. I t  i a  rLorr tha, a c& 5 a r t r  
o f  tba e a r l i e r  prtr o f  t b i a  +.per. c e r t a i n  *pp l iCatbaa 
C d  a i p i t i c r t l y  d i f f w r m  bled# prof i lma. kU.wr i r  
atvan that r r k t a n t l o !  p i w  hawe bean r b -  by w ' . ~  tha 
appropr iau b W .  p r o f i l e  tor ror dwtisa. from A i c h  i t  Ls 
c o r l d a d  tkt m m r r  a t c m n t i a  t o  tLI Y' 3eti.r e f  ).ofll#@ 
. . - 
10. 0~b.r.  J., % a l p  o f  Wade P ro f i l ea  f o r  kiml-tlw 
Turbmrh ln r r . "  ( i n  Uo11.n)~ kr :h iwn l* l -hchn lk  2. 3, 
209-217. May 1953. A a t r l l f h a t t o n  o f  theodorren'a 
%wry o f  Y i r q  B e c t l r a  I f Arbt t rery  Ih.)cw (WYA tM 411) 
her barn prewntad by T h a i t a a  ( k r o .  Ma.  h c .  Rep. 
k.l. MI. 2166. 2167). he rone  ).r r i m p l l f t e r  T h e l t e r '  
mthod. p a r t l e u l a r l y  a# t o  ca lcu la t tea o f  e f f e c t  o f  blade 
cuwatara .  B i m p l t t b d  r t k o d  can be uaad fo r  c a l c u l a t i m  
e f  wla ' and preaaure d ta r r t bu t i an  around w l a t t w l y  
thin,  .I y h t l y  c u r w d  bladaa o i  e r l i t r a r y  aeec ia ,  md 
for c r  - w r r e  prob lm.  ?.).r i v t v l c a  19wlul r w v l w  o f  
trduat.1 theory. 
11. limpet. T.J., '7he T b o r e t t o r l  Pwra.:rr D t ~ t l i h I t i # m  
A r d  C a w n t l o n e l  Tu rbLu  I d a  i n  Cur&." 
l o r  a l l  du t lee urt laad to a a l l - r o c r l  ~.rro*ombt LI the 
p o r i o r r w e  o i  t b a u  w h i w a .  
Mn. we .  ~.uu. M. m. mm. 2/65. IC w.,  &. 199 ,  
pob1i.W 1 9 b .  t h l a  r-n prwen ta  c q . m i r  r a a u l t r  
5. Coatallo. 0. I.. I;. L. C r d w a ,  n d  J. T. I iutU, Jr., 
" D l t a i l d  ~ C ~ t L o n a i  Ra.lw. for Deei~. o i  CerJ. 
B1.l.a r ( th  R e r r i W  L l r 4 t y  D t e t r i k t k r n  in C.cp. ra lb la  
h t n t i a l  I l am. *  IIW - b p u t  1W. VS1. 1C p. I i a ~ r a .  
chart@. Ub la r .  k p r d a m  IUU - l t r L  kU ml ( d a d  
1s 8e@imri.( I d a #  1951 p  486. 
A & t a i W  e t m p b p e U p  o--.tatL.ul or t lh  i e  ).awmtd 
f o r  tlr &a* o f  ~ r w i . w l  cam& b u m  *(.(I a 
p88wriW v e l o c i t y  d l c c r i l u * i m  a the b l a h  in  a p t a m t i a l  
i l ~  DL tha WW)  C ~ @ O @ i b b  f1.U. Si@ W l i W  b u d  
a cba a a w i n  t ha t  & m#nttu(. ol & w b a i t y  in cha 
f l u  e f  tha u w l  ~ e o l b l o  w r l m u  f!uU i m  1rr).2- 
t lomal  te b -it& e f  tlr *.Laity Lo 4r Tprv e l  a  
betwen t b a r e t 4 c a l  p w a w n  d i a t r i l u t i o r r  around a  m i t i c  
#@ria# e f  tarbin b1J.r in  c n r &  a r r r y w r t  rrJ tb 
ebmwd m r d y n m i c  p o r i . ~ ~ .  o i  b1.1.1 QI & S.C. 
~L.c. a# t a r t ad  i n  Lk I).. 3 h i * - m  e n c J .  t u l r l  e i  
cLu kttaul Gar t r r b i w  ktablia)I..lt. 
tha t h a t i e a l  p?arwrw d l m t r i k t l o w  around tk 
b1J.s m e  & c a r i d  e r r  th rw at i r U . w e  cowred  
in th aondyamio  t a r t 8  by m a r  o f  L I f ' a  -I.(* betwen 
w r d y u l c  a t r a r l i n  f i r  a d  e I . c t r l c  potemt ia l  flw. 
I t  La rL.n r h t  thaw c h e o r ~ t i c e l  p r r a r u w  4 i a t r i ) r t t u  
rl &ir v a r s a t i a  4 t h  l v i k c  can r q l a l n  cL. correa- 
IrolJiu c 8 u . k  t a r t  nauXta a d  c r  tom a Lamia o f  
~f & -fib@ C ~ W & @ .  
12. JJama, 1.4.. a d  A. Op&mr#. ..Lw 1&A I e w a n h  
r Cntrtfu@ C m p n a a r a ,  ttrr. U. 75, ?. 805414, 
July 1953. taper m p n m t a  effort  t o  mplrce ur of the 
"art" of cn t r r tu r .1  c-nawr & s i p  91th a bet ter  ualer- 
a t J i y  of the f l w  p n r e a u a  tJiy p l m .  It a u u r i a e a  
rrr of the n u l t a  obtained i e  the W A  theoretical md 
r y r i u c r t a l  rewarch p v r m  u centrifugal c q n a a o r a .  
Pirat  a e t i u  k a l a  with w l l e r  m r m h ,  diacuaaicy the 
i.*rcer f v v t i m  ..1 the Ir).ller f u u t l u .  I b a a  w r e  
lnwatl8at.l rl maly8ed aeperately u u c h  aa ~ . r a i b l e .  
n d  tbe effect  of t m f i g u r a t i u  m w r h w a c e  eotd. 
he- wetiom &al l  with ~ ~ 1 e . a  diffuser nmareb.  
&.)a#. of paper ta  t o  eacobliah w r r a l  t-a of 8884 
d e a i ~  ).atice rather t h e  t o  eatabllrh a).cifte rule#. 
3 .  K r w r ,  J.J.. 1.0. Stoekmr, md R.J. Ln, 'laem- 
pnaaible  lloavlacoua I & - t o - I l J c  T l w  T b r q h  8 
-or with s p l i t t e r  v u a . *  UIA n D-uu. 11 pp.. 
4.. 1962. m r t  h c r i b e a  r a#p\icatlm of  r eat&- 
1 1 W  wtbod of o ~ l y a i a  (Krwr .  T r r u .  Un M. 1. 
2l6-275. Jm. I W )  t o  the atudy of the levireid f l w  in 
a mind f r w  l q e l l e r  in  crblcb s p l i t t e r  v u a  m 
p l d  L.h..a tbe me* .  W a .  D t f h m c i a l  equation for 
the '%IJ.-ro-blde* atre- f u r t i o a  la  r l w d  ar*rical ly.  
Calcululma indicate: 
( i )  f i r  q t r e r  of  I e d i w  e d p  of ap l i t t e r  voua 
i a  l i t t l e  affected by t b i r  presmcr. 
(ii) *lip f u t o r  ad h e d  r i u  m Lurenod  by ln- 
s e r t i q  a) l i t ter  -. 
Autbra report that ca lcu lu iom are wry  a e a a i t i n  t o  
) a f t i o n  for rear r t . lu t loa  point. sod m w a t  
tbt Chi# ai&t k & t e m U  ha m r l c c l t .  kvi-r 
sq&e.ta . r a i l i w  e d m  of bI&a m l & t  hew been m d e  
u c b  t h r u r .  both for purprca of calculat im d i n  
)r.ctiw. 
14. L.La*.inray.u, 8. .d 1.1. Norlock. "bvieu: Second- 
ary naa ad 1 osrca l a  Cau.l.8 end k t 1 1  -Fir Turbo- 
u c b l ~ . *  Interm . J. I k h .  $el. 5. 3. 2Ui-307,  k l y  1963. 
very w f o ~  rev iw of secondary n a  and toarea. * -h 
oxtenolrr bibllqr*y (126 it-). CI).rlaoaa arc liven 
of v u i w  tlb?oreticel r r l u i a w h i p a  ad of . q . r i r a t a l  
&ta *re p.aibIe. togetber u l th  m o u d e d  mtpreaaiocu 
l o  li&t of . r i s t l ~  k w r l e d p .  lb r r ly  a11 w m e c b a  are  
volid r l y  for i r a p r e u t b l e ,  inviscid nw; r t h o r 8  
m' at t rot ion t o  c q t c a a i b i l l t y .  rotrtional effects. 
r d i a l  nw and i n c e r u t i ~ ~  of leak- r i ch  euc* 
ucoclw n ~ .  
1 .  Leiat, K. " h p r b n t a l  kre.(fwclt for l C u v m n t  
of I r e a m  D L 8 t t i L u t i ~  Itlfi-SWOd Cot*tiOB Bide 
bn." *I kc k h  - Trme v 79 o 3 @r  1957 p 617-26. 
Ir, r r u r c h  ataff of In*t iwte for  Turhmuhtner of 
&eheo hc*alcal 1*limrrlty. 0.m. carried a r t  r a a u r e -  
meate on rotwing cuh ine  bladiog: p r q r r  l a  pmrt of  
c m m a i w  offort  dirrcted tward inwat iga t fm of  3- 
d L . u i o u l  f l r  th rogb  rid f l a  turbouchincr. 
? w r  Y e - 1 3 .  
16. Liabardt. U.D. ad A.J. Icoste. I b t e  on Ipp~ic r t ion  
of Caac.d+ Tbeoq t o  k a i ~  of k i a l - n w  m a .  *PI- 
P w r  62Q1-222 tor -clog Ibv 25-30 1962 fi -. Tbeoreticel 
ad c x p e r b n t a l  w u l c a  ere p n m t e d  ub i. .. mare uac- 
Irlnesa of 2-dlollu1ecul encode theortea c.. J . 5 .  pn of 
r i a l  flw -a; it La ase ra ray  t o  l r l u c  r nt of 
blade t h i c l u a a  W l l e r  f l r ,  tad to  be reapmaible 
tor m t e d  disc.. .rrlrs brtwen predictime of thio 
a i r fo i l  theorlea end prtormrwe of r i a l  flw -a 
c b o c r c e r i w  by hi* at-r ..3. rl lw . q c c c  ratlo. 
17. C.A. .hro -lout Lo#aes i n  h r b i l r  
B1.1.a." J h r r u r l c a l  Scincea. v 19 0 6 J w  ?+52 
p 40)4. Testa a thrre t w i c a l  blades to  2 4 L a a i o n a l  
c..cade t u ~  wre nu at mil -1.a of a t t r ~ .  
at-r w e .  sol ldt ty .  d -8tnm u r r r y  a t u i w  a t  
N d  Ib.L.r of rbour 0.4 md -Ida l W r r  of 6.5 x ld; 
a t u i c  preamre d l a t r t k t i a  .kut b1.l. u u  rmred by 
27 r to t i c  p n r . m  t w a ;  v&r bebind blade - ru urwyd 
.Id l a a  G -embed. 
I .  k r b l c .  ?.I. md 1. m c h e t u .  " h a ~ y t i c a ~  I l m s t ~ a t i o a  
of hr tLm-Dimeeeioul F l r  P d r u  10 l b h w b l a a , "  
W A  Tll 2614. 10) pp., kr. 1952. Paper c o l l ~ t a  further 
mufa1 c a t r i b c i o c r  t o  l i n e r  o t  a t a l l y  a ~ t r i c a l  
na o t  i n + . . d b t e ,  i d w i d  ~ O U  i n mi .1 -na  brk. 
e b i m n  (- aim, Werble. Alll. 1. Em. 1400). L i w s r l 8 r  
t i m  ru c h u  rdirl v e l a l q  and devletia of aim1 
velocity f m a  meen t b r r & - f l r  velocity .t. c 6 a U . d  
-11. a d  em c a l c u l e t d  t o  firat-order .ntor*la. 
&lally r-trlcal w l e t l m  (Ief lat te  l r k r  of b i d e s )  
provlbn c a m t i m a  meant -  tor tort of - l a m -  
a i a a l  e t h c t a  afictd by ccuc.r theowy. espec l J Iy  b r  
la p i r c b - c M  r a t t u .  
lbeory d b t l a g l i b b a  t h e  (odd i t in )  -ts of 
f l w .  da., (1) mnltom cb--flow, (2) radial ~ t l l b r l u  
eolutirn. w r m t  for rC.trem .r( A t -  of Q. bled8 
rr. (3) f l r - s c m c t u e  accaatiw for rot:irl rc.lerulae. 
tdles o t  u LIQ- hrtla, for Lob r u i o  O.L. wmit 
rapid w e l o c h  of f i r r  atrueturn by ) u b - c a d  ucW: 
a o  -rice1 -108 ere 8irrn. 
A aiaple. wtuatw-diak w r a i u t l o n  t o  r tm-rtwcture 
rolutlon ia  r))llrd, with a numerical *ample in  erch caae. 
t o  the d i a w a ~ l o a  of (1) t r a a i m t a  in  the f l r a t  hv at*# 
of a u l t i a t o p  mrh l lu ,  (2) f luctrut ima of the n i a l  
w1actty diatr ibut ios  within the deeply -ad at+# 
(me* also YU a d  Yolhnatrin, m 4 ,  Rev. 1316). (3) per- 
torunce. i n  it# & l * d m e  n the radiua md on the aa).ct 
ra t io ,  of a a i ly le .ClJ .  rw with p n r c r i k .  d i a t r l b t i u n  
of f l w  r y l e  a t  t r a i l i a l  edw; (4) off-deaim p r f o r u a c e  
Of blade rat .  In addition to  their  b d i a t e  interar t .  
the ermplea prwid.  a uretul i n t r d u c t i m  t o  br theoretical 
k a w l e 4 .  of the fine-atwcture molutlon c a  be v l o y e d  t o  
6btatn ai.)le. mpprmlute mawra t o  ) r u t t e a \  ~ a t I o n a .  
A 4 i t i . d  1 l u a r  t h r y  la  propored for tk care of a 
t h r m 8 h - n w  w l a t t y  varytw ui th the r d i u a .  fhc I inear iad  
aoluttoa i a  alao g l m  for a -hi# such that k b  sod cart- 
are c w l a l  conrs with c- wrteu.  
19. b r e l l l .  D.A. md R.D. b ~ . ,  " t reaau~ .  D l m t r t b u t l ~ ( ~  
on the Blade of h i a l - T l w  tropeller Pump." T r u .  *#-IS, 
6, 1007-1012. Aug. 1953. In  the & a l p  of w r w  p r ~ l l e r m ,  
the d d  for uniform m r g y  i-t a t  a11 radi i  ta  aa t l r -  
tied by a b l d e  c i r c u l a t l a  c a r t a t  over the r d i r u .  
With the .uthor#* a d d i t i a a l  a a a q t i o n  of Haear i e c r e u r  
of circulation a t m g t h  in c l i a l  d i m t i m ,  a . n r o . l r a t i w  
formla i s  siven for the d ia tu rbrce  ve lod t iea  in  the blade 
apece dependent on radium and d i a t m e  f r a  the b13e'a 
l e d l a (  rdge; they effect a curvature of the f r re  r t r cm-  
I t a s  A i c h  require a curvature o t  the blode profi le  em- 
m t r d  ucordiry t o  a i r fo i l  theory. 
U s i q  t h i s  f o m l a  a propeller ~ u )  h u  brrn & a i W ;  
its pressure distribution baa k e n  inwatigated by was#  
of a rotati- -ter under varioua uorkiog condition#. 
Xhe w n u r u r t m  ~ m L . t e l y  a 8 n c  u i t h  potential- 
theorcticel p re r run  diatributionr. l a  deal@ condition. 
tk m r v  upply p r o u s  t o  be n a l l y  uniform over the 
redius; hrreby, the practical u u  of th i s  d e a i e  mtthod 
i a  ahom. 
20. 0.. L..Ziruaised Throry of &percavitatic\l T l w  
Throqh m Arbitrary Form Uydrofoil." (in I n ~ 1 i . h ) .  
Lm 41. 9. 3%-W.  Sept. 111. Faater m d  lo re  pour- 
ful bydrmlic ..chlaca result i n  cwi ta t ion  p rob l ru  such 
u drop i n  e f f t c l e u y ,  d 4 e  d w  t o  ercnion ad vibre- 
e r a  .ad noise. ktbor u-ata t h e  upewavltat iog 
hydrofoil such u l b l t a  hydrotoll be uaed. M l e m  i s  
treated i n  tuo d-r im.  A l i u a r i a e d  theowy i a  presented 
t r l u d i q  (a) mt thd  t o  e a t i u t e  hydrofoil form for given 
preawre distribution and C I )  r t h d  t o  e a t l u t e  c h a r r t e r -  
t a t i ca  of c#dr*fo&l tom. Umeric.1 a m p l e a  of W r o f o t l  
c q u t a t i m  are %Lao preseated. 
21. Widel. IS.. "Asymetric Inlet  na, in  h i a l  Turbo- 
u e h i a ~ . ~  has. *P( IC A (J. -. )ac+) 1. 18-28. 
1.11. 1964. ?.lrr L.*Io~c~ a the p r d i c t i o a  of the 
attcauatioa of a distorted f l w  q ) r o u b i ~  b l d e  r a n  
in a i a l  turbmahiaery. The prcviara .culyair of Ilmaie 
m d  Wrble (m 12 (1959). k v .  5708) a d  Ehrich (J. k r o .  
Sci. 24, 6, 413417. Jusc 1957) u t i l i a rd  the r t u a t o r -  
d i J  . n r o r h  t - tk r  with a bladr force-flw a s l e  rela-  
t to l rb l?  a i c h  v n  aaaucd t o  be the a- as thr uniform 
flw c u e .  The e a ~ m t i a l .  nu feature of 3cidelea paper 
i a  m W-ed blode force d e t r m i ~ t i o a  uhich ucaunta 
tor th r  d i m t  e t fcc t  of chr f ~ w  d i a c o t t i a .  
w r  also include# a racber nice cq . r i .oa  of 
theory md data. 
22. Smfth, L.I., Jr., S.C. T r u p t t .  sad C.i. Yiallcenum. 
"A t r u t l c a l  Solution of a Thibm-Dhenaioorl Flau Problem 
of k i a l - F l w  Turbouhtnery." hau. ASS 71, 5, 789-799, 
h l y  1953. P-r pnaenta wthcda of deteminlng thr 
w r i d t m d  f l w  w t t a r n  t b w @  b l t b r h l a a  rlvcl t h e n  
e re  departurca fra tm ern nw, ariatog fnm 
endewor t o  d e s i w  c a y e m o r s  d t u r b i r * ~  for m a i u  
brd md f l a t .  subject t o  l l r b  nmbw I!liitrtiocu. 
F r ic t ion leu  flow a infini te  r -. r of wnea. md 
u i a l  -try are  4s i d .  UoDfi u . . ,  a thase lver  
*hot t k r e  ia  no ban phyaica~ rwa.oa crby thie 
r . i g t i o n  should k cmaf&rnd 08 m f f i c i a t l y  wcurbte 
t o  d ~ ~ r i k  the f l w  t h r o u e  . c t u a ~  V ~ W  ayat(ra of f i n i t e  
m spuiol ."  
k t h d a  of c-tetion are d e r r i b r d  a d  reaulta g twn 
of cro uorkrd mraptea. reference bet- u d e  t o  H.S. themes 
by nm of tL. a t h o r a  for  fu l l  &totla. 
23. S t r i a .  J.D.. '5ac Tbeontical krodynmic Iaveatiga- 
t i m a  o t  4 e l l e r a  i n  W i a l -  end N l d - F l w  C c a t r i l 8 a l  
C q . r a ~ . *  .# C.. brb. mmcr Nll mrtim, 
~ l l u r ~ . l i a ,  w. I n l .  rmr 51-F-u, 2s pp. -- rr-. 
m 74.4.473497. NV lm. r ~ t  p-ta -SC~I 
m l t a  of  r e l r a t i m  ao l r t l em of f l w  of id.01 n o i d  
cbtagh a emtrl-1 l q e l l e r .  Theory a d  reaulta are  
&*.a f a  U w u l u l e e s  hm. type# of p t b 1 . r  are  
t r e a d :  (1) kid aymrtry r o l a t i a u  i n  uhLb b1.k h rcea  
m r e p l a d  by d i a t r i k t d  body torre*; (2) blde-to-  
bide s o l u t t a a  &*i.l c i r c m t m r r t i a l  mfuin of prea- 
rrr* J V R I O C ~ ~ Y  kt.na bida. 
~ u i o u  hr nw r i c h  a t a ~  v q  m 81- f m  
e ~ * . ~ ~ a I b l e  f ei&, k c  the m drtiou prrulrtad are 
fer t w g e a a f b l e  (la tku&~ a ublcrory ir)rller 
-tile ria redie1 *...., drb ad dHoa idu8.r -a. 
b a l t a  @La tL.t UI C a m  of s t n m l i w a  in  w r l d i a  
mtla La l i t t l e  a f b * t r l  by of imbcot  -8. 

12. I t e p m f f ,  A. J . ,  #ad P. A. I t ah l .  "Cavltatlon Criterion 
for Dlaslmllrr Crntrlfuaal Pwpa." UII - Paper 61-UA-139 for 
m e t i -  Yov 26-Orc 1 l%l  5 p. llrthod of expreaalfu w t  
poa l t lw  aucclon hrrd for cantrlfu8al pump0 i n  t a r u  of 
l.).ller dealan e lemnta  aa thry a p p a r  i n  i n l e t  veloclty 
t r l a y l a ;  procedure l a  applicable t o  pump* of d i f ferent  
apeclflc apreda, of d l f h r e a t  ructlon speelflc apeeda, end 
to  pump8 b v l -  t.).llera of e l t h r r  w a r h u y  typr o r  u l th  
ahaft t h r w h  eyr. 
13. L t r l p l l ~ ,  L. 8.. ead A. J. Acorta, 'F.~vltatlon l n  
T u r b ~ a . "  rUI(L - P a y l a  61-YI-112 I3  p. 6 1 4 - 9 8  11 p for 
r e t l n g  liw 26-bc 1 l%1. h p r r  UA-112 (PC. 1).  (kvarbl 
almplifled f ree  r t r e rml lw  mdela sui table  for f l w  throtyh 
loducar dlrcuaaad. Paper UA-98 (PC. 2). Reaulta a r e  c a r  
pared v i t h  tea t#  on r t u a l  laducarr; relwance t o  develop- 
a n t  of l l ah t  m l a h t  t u r h c h l w  eollponrnta for  Itquld 
rocket propula1011 a y r t r u .  
14. Wow. Y. L., and P. A. Lonpr l l .  "Laminar Flov-In In l e  . 
k c t l o n  of Peral le l  Plates," A.I.Ch.1. J u 10 n 3 b y  I%& 
p 323-9. I l uu r l ca l  wlut lona of exact p r n t u m  equatlona for 
ataady l w t h r u l  l a ~ l r u r  flov of l acoqrea r ib l e  Yautonlan 
f lu ld  in  Inle t  arc t lon of para l la l  plates; velocity di r t r ibu-  
tioar;. preaaure aradlnnta. and overall  preraurc drop for 
tvo c a n s  a t  R r  300; k t  cur varl*led that  usual boundary- 
layrr  aaauqt lona are  not valld w a r  l e a d l q  edae. 
15. Worwr, C. I., and 0. U. Isctaer, n l ans t l&a t lon  of F l w  
C h a r r t e r l a t l c a  i n  ~~~~~~~~~Dlver~in~ Yoaxler." *gC; - Paper 
63-UA-I92 for  r a t l n e  Yov 17-22 1%) 9 p. *rulyt ica l  mthod 
n u d  on 1 -d l rn r locu l  model l a  preunted for determlnlna 
f l w  c b r r t e r l s t l c a  of 2-phase f l w  of llquld dmpa l a  8.r 
atream expanding throlyb c o a r ~ l q - d l v e - l n g  wax le ;  
awlya la  c m  br ~ t l l l a e d  to  predict l lquld veloclty. 8.1 
velocity. r t a t l c  prearure. and d r ~ p l e t  d l m t e r  as  functlon 
of a r b 1  dlatance a l a s  nozzla axla fo r  flovb containing 
approx i r t e ly  10 t i r r  a s  much l lquld a# p a  by ualght. 
16. Yu. 1. 1. and 0. P. Ma-. "An Approxlute Wumrlcal 
k)ur for t h r  Throry of Cavlty C l a n  Par Obataclrr of 
4rbl t rary  h o f l l e . "  Tram. ASkS, 11  of L I ~ C  Cqlnee r l ly ,  
apt-1964. p 556-560. h v l o u 0 1 y  m a  of the authors h a  
developmi on exact thcory for t h r  cavl ty  f l w  part m 
obstacle of a rb l t r e ry  prof i le  a t  en arbitrary c w l t a t t o n  
wder by o d o p t l ~  a free-atreamllm wke d e l .  I n  the 
p r e u n t  paper the authors latroduce an approximate n u r l c a l  
wthod for  the coqu ta t lon  of the dual fuactioa-rl equations 
uhlch r e ru l t  f r a  the thmry. I k  mu r t h o d  l a  ahom to  
prorldr a dreat lc  ~ ; a p l l f l c a t i o n  to  the c ~ t 8 t i o n a  vhile 
r l n t a l n l q  a blah drgree of r c u r r y  of the h u r l e a l  re- 
su l t .  
1. " F r i l l N e s  and Tcchniquer 4 1 0 y . d  a t  Levis Rarearch 
Center n I r p r i m t a l  Invrati#atlon# of Cavitation in  
hq.." ASK - Symposlu on Cavitation b r e e r c h  I u i l i t l e a  
ad Trchniwer. I(.I 18-20 1965. p 60-76. Study of cavi ta-  
t ion a# i t  occura i n  pumpins of high-oneray propellant* 
( c r v ~ m l c  liquid*) ua.d in clud-1 a d  nuclear rocker 
e l y i a a  8nd alkmli w t a l a  uaed i n  apwe- r lu t r i c -pau r r  
&sneruion a y r t r u ;  paper l i a c s  md deacrlbra f r i l t t i e a  
ad trchniqres u t i l k e d  t o  supply experimrntal input t o  
p q r m  atudiea; t e a t  fluid* iacludr water. e r y w n i c  
l i q ~ i d a .  ud a lka l i  r t a l s .  
2. Grindell. A.C. ' t o r r e l e t ion  of Cavitation Inception 
Data for Ccatrifugal Pump w r a t i q  i n  Water end i a  
Sodim-lacusiur A l l q  (hit)." M - T r m s - J  b s i c  CW 
v 82 ser D E 4 ore 1%0 p 6213.  s t u i c  head a t  ~q 
auction a t  t i r  of cavi tmtlm l acep t im  vaa correlated 
for  voter  ud for 1500 1 W on b n i a  of d i f h n a c e a  
of n p o r  ?reasurea of iw l iquids; d l f f e r ~ ~ c a  bet-
rpr p r r a u r e s ,  for  e n 8  condition# of pamp sped and 
~ i w i d  n ~ .  d e d  to weter t e s t  c m i t . t i ~  i ~ c p t i ~  
nlue; t Y a  p r w d  t o  be p o d  r p p r a i u c l o n  t o  exporLcnta1 
value M for c.*itstion iaceptioa with W(. P-r 59-A-156. 
3. I.tt.mn, n.1. aa a.r. so l r i a .  ' ~ k u r r e t i o n  of 
C8v l tu ioa  i n  L w  Ihb-Tip b t i o  k i a l - F l w  w." YW- 
Paper LO-.ID-14 for weti- Nor 6-9 1960. 1 2 ~ .  C8vltatlon 
h r u t i a n a  i n  rotor  a n  e x r i a r d  i n  a t t n ) t  t o  deter-  
m i r  impertmt c h a r r t e r i s t i e a  of flor model vhich y 
k w e d  t o  indicate  e f f ec t s  of cav*tetioa; da t a  were 6- 
tained o t  Lwir Water Tuna01 a t  NASA h i s  menarch Center; 
berL1.r iut-t s u m y a .  hi* a@ photo$r.Cba u e m  
tokm, tor rbieh l a t t e r  p+p.e upper half of ~q earl- 
i a  of p l u t i c .  
4. h i e ,  C. d I. Q h i u .  I r p e r L c n t s l  Iiuh on Cavlts- 
r i m  i n  W M  F l w  Amp hpe l l e r r . n  1- SOC lCch mrs - 
lul v 7. n 25. rob 1964, p. 62-70. Ser ies  of e x p e r i r a t a l  
s tudies  of cov icu ion  e h a r t e r i a t k s  of -hod fla 
hpe1l.r~ wos p e r b n r d ;  mpor t  c l a ~ i f i e a  malnly kor covita- 
t i on  imept lon md w r t o n u c e  decrease a n  i n f l u w e d  by 
nuder of vanes .ad *haps of vane i n l e t  e d r g  it w n  0180 
found t h r  ce r t a in  mamat of flw &+Lation wt k taken 
@to u c o a r t  l a  determination of r a m  L l r t  males .  
S. U k U .  Y.K., "BeynoIda .d X~tcid.cre-h&le 
I f f o a t s  on 1.bror Cavi tot ia ."  --?wr WWJl for  
wet- la :.-We 1 1966. 9 p. t e s t 8  of v r i m a  b b l e r r  
lmducerr i n  w r b r  r(m thot  rrctim g . c t f i c  qmd l n c n r e s  
wtth &ywlds & a d  t a e i d m a  .all*: a ~ a l y s i a  18 p n -  
a u t e d  d i c h  mdoros t 5 i r  ob..rvuim t o  Rsyaolck clrkr- 
~~y ud ag?lwht .  i m i h a - i d r ) . d r l w y  of m l y  
&ti& %m8 r a t f i c b a t ; n  nlstia @ nr $080ral d 
apply to other i i r l c a r  typr d -1 ~ u )  i.C.llmrr. 
22 ntr. 
Lmatew.  R.1. end Irk D d ~ d p ,  'Cavitation i n  L ) r l l e r -  
Look ly  f r m  Inr lde  ht, AW-Ptper 63-.Urn-30 for w t l n 6  
Uor 3-7 1963 12 p. L w  apocltle a p e d ,  double suction 
een t r l l u8 r l  )ur uer d l f l e d  by r p l i t t l t u  csalna md 
hp.11er In half md  incorporrtln8 t r m a p o n n t  inaorta d 
houslnas t o  p r m l t  viaurl qbarrvrtions of flow; 'ha l f  mU 
uaa op.retad in  r a t e r  t ea t  t a e l l l t y  e t  prototypr d e a l p  
heads u l t h  both Frracia ond r d l a l - v m e d  l n l e t  ir).ller 
dealan; photgraphle  r u o r d e  of cavi ta t ina  and aoacavitetln8 
c d i t l m r  s r  vsrious polnta elon8 p u ~  c h a r u t a r i s t l e  arb 
correlated with var la ia  p r t o m a c a  p a r r e t e r a .  
l l l e r ,  W.J., J.C. Crouae, md D.I. Sandercock. 
" k r u r y  of  I r p e r i u n t e l  Invostlaation of Thme klrl-11- 
Pump Rotor8 Teated in  Water," U n - P a y r  bb-UA/m-24 for  
n e t i n 8  b v  27-Dec 1 I%*, 11 p. T h m  rotors located 
l a r d l a t e l y  dc*matrer  of pump i d e a r  w n  trs tod t o  
atudy f l w  end p r f o n u a c e  u r w a  loodod a r l a l - f l u  blade 
r a n ;  r r i ~ r l p a l  de#l#n p a r u t e r a  w r i e d  were flu to-  
atfic!.nt, blade l o d l q  p a r w t e r  rt t l p ,  oad hub-tip 
radius r a t lo ;  overal l  and blade e l . r n t  p o r f o m u e r  under 
noncavltatlna flw c a d i t l o c u  ere dlacuraed; c.).riaoas 
k t v r r n  r e a u r e d ,  three-dluasional  deaisn p a r u t e r a  a d  
t h o u  computed f r a  tro-d1wnalonal cucade  c o r n l a t l o a s ;  
p e r f o m r e  obtained duriaa opbration of rotor. l n  unatable 
f l w  md  navl te t in8 flw eordi t lora .  
S8 'amn.  V.. ' M e t  w i n e r a  Ilbould lu lSait 
c e v l t a t i m  and YISII," Pip. L l n  Industry v 15 n 1 &1y 1-1 
p 55-61. Relatloruhlp b c h w n  p u p  r u c t l a  c h o r r t e r i a t l c a  
md f lu ld  p r o p r t l e a  ha* been obtained; a a t l e f u t o r y  per- 
formmc- of m a  on hydrocarbon# u l t h  l ea s  o.t p o a i t l w  
auction head a v e i l k l e  than required by cold uater  vu 
studied; da t a  c o l l u t r d  d throry dew1q.d e h  a t  u c u r e t e  
prediction o f  p u p  auction r e u l r n r n t a  for a11 l l q ~ i d a .  oa 
b u i a  of cold water requirnra.a; c u r e r  of cevicat im:  
test atmd. i n s t n u n t a t i o n .  resul ts ,  md b r n f i t a  of 
i n w a t l ~ a t i o n .  
Solcia. R. I.. 0. A. Aderaon. .ad 0. M. Sandercock. 
"Inwatl8ation of the  Pe r fomace  of a 78' Flat-Plate I k l l c a l  
Inducer," YWI TIID-1170. 1912. l'h8 c w p l i r ~  of a c a v i ~ t i q  
inducer wlth l )uq. in order t o  m a l i c e  the .*v.ntws 
of h1dr.r m w h a i u l  ap8da. &a E d  vide w e  in  miaaila 
appllcatlona. A n  e f f e c c i w  md  qui te  w i l y  f8brlcet.l blade 
# h o p  q l o y d  in the l d u c e r  hu boon th f la t -p l a t e  h e l k .  
I h l r  report praaonta the  menurod perfo-• of M lnducar 
of t h i s  cypr. Zh. rotor.  5 lnchra Ln d i w c o r ,  con#18td of 
thrae blader with a huh-clp r a t i o  of 0.5 d a hell. m u l e  
of 78 d.jreea a t  t he  t ip .  A11 t e s t a  r r e  nde  i n  water. 
Perfo-• r n u l t s  over a rmgo of f l o ln  a r e  praaented 
a t  both cav i t a t i ry  a d  s a a e a v i t o t i ~  condicima. a i r  ia.1- 
both tho overal l  p e r f o r m c e  .nd rdl.1 d t a t r i b u t l a r  of f l w  
c o d i t l o n s  md a e l u t d  b l a d e - e l a t  perforunce pornoters .  
In addition. photoar.ph8 tbt  v i a w l l y  d e a c r i b  f l w  conditLmm 
a t  various mdes  of o y r a t i o n  are  presented. A cq . r loon  of 
th r a a u r r d  u i a l  velocity discributiona with tboae w t d  
u a u l v  almple r.di.1 equilibrium provides a chock on thr  
val ld l ty  of the  r d l a l  q u l l i b r i u  u a u q t i o a .  
Wood. G.W. l i w a l  Cav l t a t im  Studlea o f  nixed 11- 
hmp LC.llerr.* Trms. A# 85 D (J. B u i c  Cqa t . )  1. 
17-26. Mar. 1963. Thrm mixed m l l e r a  ( d z a i p  par.rt*ra; 
UQO. 4920. 8500 rp. 1760. 1545. I245 w; 287. 235. 245 f t )  
h m  been teated in  a c l o d  vmter loop. *Ither c a p a r e a  
covi ts t ion curves st three test p i n t s  a t  rp 1900. 2460. 
4250 vith t he  hi&-speed phocotr.pbie records. Ha concludes 
tha t  c w i t a t i o n  occurs for a11 h p e l l e r a  a t  hi-r valuer 
of lPIl t h m  c b o u  asrociated r i c h  l drop i n  the head rise. 
Cavitation i n  v a c  ch.owls  i a  cycl ic .  rb.nn c 8 v I t a t i a  
near the v a e  l e a d 4  edges w n  more atoble. 
In  uchor*a  q l n i o a .  the m e n  s t a t i c  presmre ~ r d i m t  
is a p r l r  r a i o b l e  la tbc d e t e d c u t i a  of cov l t a t i aa  pot- 
m e  e b a r ~ t e r i s t i c n .  Sar da ta  am n m  c b a l r l  covtta- 
t i on  f n q w a c y  a r e  p r o m u d .  
Wood. C.I.. J.S. Ibrpby. .ad 1. F a r w a r ,  "DIpcrLcotel 
Study of C a v i t a t i a  i n  IUxed Nor h* hpbl ler ."  m- 
I r m a - J  B n i c  w v 62 %r D n 4 Dec 1%0 P 929-40. 
Rydru l i c  porfommce of h p e l l e r  deaipl  tea t rd  v i t h  6. 5. 
d 4 vmea i n  c l o d  v a ~ r  loop; 2 i d e a l i ~ e d  f l w  m e l a  
for  incipient  eav i t a t i oa  were derived t o  i l l u # t r a t e  l imi t s  
a f  c a v i t a t i m  derlan; both v a c  b l a k o g r  md ao l id i ty  
e f f ec t s  a n  -cant. Papor 6 0 w - 7 .  
wrilbt. I.K.. "Deal@ C t a  m d  t xp r i - t a l  lusul:a 
for  Cavi ta t ion- l ler is ta t  Indueerr up t o  40.000 k c t i o n  
Sprct f ic  Speed." --Paper 63-IIDT-59 for wtiq b r  3-7 
1963 8 p. wr coaaiderr ~ r a l  p o r t t i c  c o a r i d e r s t i o ~  
o f  inducer d e a i p ,  c o r m l r i o n  of dlmewioalere &r ig  
p o r w t e r a .  m t p r r t r a t a l  dot. o b t a i d  Ira 2 w d e l s  
k w l o p r d  by Bell Aer0oyat.u b. .ad m6gesta severs1 
auxi l iary  n m 8  of m ~ t i a g  e.*itation r e s i 8 t n c e  of 
lo*u*r; ldrcer is a i a 1  f l w  eq cap.ble of dI#eatin$ 
l a w  acale  f l u id  vapor fornot lam u i t *  i n l e t  vitbovc 
n r i a m l y  a f f u t i l l t  h8.d &maoratla. 
Y o b y u .  S., ' S f k t  of h o f l l e  o f  I a t r a e e  of 
C e n t r i f ~ l  hp Impeller oa Cavitation," Japm & I k h  
Ca&rs-h#l v 5 n 19  Ly I962 p 465-9l. Velocity d i s t r i bu -  
t i on  jus t  k t o r e  vans oatrace *&go d i f f e r*  uco rd i -  t o  
dlffei..oe of hpellrr e a t r u e  prof l le ;  lrns).ctiw of  
veloci ty  dis t r lbut lon,  r t o t i c  p n u u r e  d l a t r l b u t i m  e t  
point jus t  be* raws rr a l m t  .rr tor a11 prot i lea ;  
i n  c a q s r i m n  o f  c o v l t e t f m ~  oecrrrmce of p ro f i l e s  deaig- 
net4 A ri C. no d i r t i ~ t t i w  d i f f e rowe  tws oburved 
exmpt thoc he& d r q  dub t o  c 8 v I t a t i m  i n  1.- flu r a t e  
r m  vw u l l e r  for mod prof l le .  
14, Yokoyra, 8.. ' % f f u t  of Tip & l a p  a t  Intr.cloe of 
k p l l a r  V u w  of Cantrilu8ai hr) n. Cavitation." J.)m 
Ia Wch -re-lul v 3 n 11 Au9 1W P 326-32. mrl- 
w n t r  wn c a r r i d  out on t h r n  d i f f a ~ m t  t y p a  of t i p  
rhopa  i n  a u k  c a w ,  h o d  cap*-ity c u n a ,  a t a t i c  pram- 
our* distribution on w r f u a a  of vanoa lwar entrraca t ipa  
and . d r a  of c w l t a t l m  occurnnce w r a  i v a r u n d ;  reaul ta  
iodicate  t ha t  a t  rhooklrra entry there wr more c h r y . 8  of 
ca r i t a t i nn  for round t i p  v u  than for o ther  t). v m r ;  
for aharp t i p  v w  ao cavi ta t ion #cur8 in  e x p r l w n t a .  
4. b a a .  A. II.. "Desi@l of  n i t .  coocrete Shell.: Vol. 1. 
h a l t l w  Curvature 1nd.r.- ku York, Jobs U i  ley 6 Oonr;. Inc.. 
1%2. v i i i  + 128 p. This book represents thc f i r a t  of a 
w t  of s w e r a l  v u l u a  conce rn iq  .arloua aapcets of rbe l l  
amly8ir .  & s u n .  a d  c o U t m t i o n  t h t  the a u t b r  i n t d a  
to publinh. This f i r s t  v o l e  deals  with th. &ai8n and 
asuly8ts of doubly curved h l l s  of positive curvature and 
in  par t icular  a x i s ~ t r i c  Ae l l a .  
th W -in8 with a brief o u t l i w  cf the membrane 
theory vf &ells and l c a r i w  H v r y  of  r)u m e b a a r y  
~ ~ a t i o a s h i p m  of di f ferent ia l  -try for the r u i y 8 i s  
of th in  nhell,. k x t .  the r d r e  u l y i l s  of a x t s m t r i c  
& f o r u t i o n  of a x i s ~ t r i c  s t e l l a  is f o t u l a t d  and a 
aorb.r o i  apecia1 c a u s  pertaining t o  r . b C m n r s  m t r e s r a  
e x i m t l y  i n  s ~ t r l c a l l y  d e f o r r d  Jc l l s  of r w e l u t i m  
a r e  t r r r t ed .  The* include rb. spherical da. thu e l -  
I l p t l r a l  lar. .ad conical &e l l a  8ubJect.d t o  v a r i a u  trycm 
of s y n e t r l e  I d s .  AsulJ tbal  a s  tall 8. ~ r a p b & c  11 
w i u t l o a s  a m  d i suaa rd .  Ilr n?xt c b p t a r  *-.La the c a r  
of un8ymntrically 1-1 r lwl la  of rwo lu t loa  4 1 L r a r  
e l a s t i c  tbcory 1s carplctrtly &vr l epd  Iur t k i a  s i t u t l u n .  
Solmtiow i a r o l v i q  cxpaa8 i r a  i n  t e r n  uf L . ~ . i c  8er iea  
a n  t rcr tod i n  k ~ i l  lor apbe rka l  ahella a d  ahella on 
d i sc re t e  8 u p p ~ t a .  .rrl. laetly. v.5lou8 aaptc ts  of h l p r  
c o u i d a r r t i o n  f e r  8nch &It8  r r e  d i8cu r rd .  
5. I.rvlca. J. K.. a d  9. I.im.ur. 7 o r a i m  nC I r tenaion 
of lkllceil .1 tlrll," q u d r u r t y  of hpplied I ( . t h . r t i cn .  
vel 17, p 409422. 1959. lhe au-n deterrtcw tit8 e h e t i c  
W v l o r  uf ~ t u b t d  a t r i p  ln the form of a he1iceU.l 
Wl I*n utd upc l  by axla1 fwcn and a c * k c & q  -r. 
f a  t b h  t r r t r r a  h r e u t l w l l y  s m t r k c  a t a u a  of a t r a in  
r m  up. r k  a u c e a  of diqt.r . .enc tiut a m  mot 
r ~ t a t i a u l l y  s m t r i c .  T e r a i o u l  r t ~ l d i t y  d u l a l  
s t i f h s u  a m  ab ta lmd  a r  a f u a c t l m  of -st my 
prkrht~on no l r tbna ;  
a. m e t  l o l u t i o m  
1. Candala. ?., "Structural ~ p p l i c a t i o r u  of 1 y p r b l i c  
h rebo lo ida l  8 k l l a . "  J. *rr. bser .  I n r t .  26, 5. 3974lS. 
Jan. 1955. After a short expoairion of the properties 
o t  tku hyperbolic paraboloid, auther 8 iv t s  In ai.ple form 
h ~ h e r ' a  -era1 equatinna of the atma. ayatam . ~ l p i a .  
Ib re  eapsr ia l ly .  the warpd parallel-ram la  atudied. 
arising from cnnridaration of a portion of a hyprbo l i c  
paraboloid limited by four a t ra i8ht  g n e r a t r l x .  I n  8en- 
a r a l .  tho a t raaa  ayrtam 18 8 i w n  for the f o l l o r i y  c a u a :  
(1) 8- lo&; (2) &ad lo&; (3) f i l l  1 0 4 .  nb8 f , (~) .? . (y)  
fuattiona r e l a t ive  to  the b o ~ d a r y  conditions are t o  be 
detarmiwd i n  a l l  aforewid c a w s .  The f i -~ i t e -d i f  errncea 
r tM l a  r-ndd for the o r e  complex r o l u t i m  of  u w  
(2). 
Y m e  exis t in# a x a q l e a  a r e  ahmm o* conrtructlons i n  
Nexico Ci ty  kilt up aa aarotiatlon8 of the wrped paral le l -  
.arum. 
The poaa ib i l i t i e r  of t!w u w  of t b a e  ahella i n    in forced- 
c o a c n t e  conrtructlon u L . 8  th ia  m r k  par t icular ly  i n t e n a t i q .  
2. D m r a l l ,  L. I.  a d  C. J. 'ibnw, "Iradiy of n i n  Ring- 
k c t o r  ?Lama.* J. appl. M h .  18. 4. 359-363. Dec. 1951. 
Authors a t t r k  tb. p r d l m  by a r t b o d  they used for rec- 
tmwular p l a t e s  i n  - prw10r.i pawr (Y C. Rev. 3837). 
GoarraL e x p n a r i a w  for  th def lect ion o f  plate8 uhoae 
plnform is  a meetor of a c i r cu la r  r i y  a n  l i ven  for c a u a  
i n  crbicb tho a t r a i g t  4 t . m  h a w  arbitrary kt a i m s  da- 
f lec t loo d k n d i q  -t. ib. w l u t i m u  a r e  8iv.s for 
a l l  c d l u t i o u  of pbynically important edw c o d i t i o n 8  
on the  M c i r cu la r  o d e # .  k t o r 8  of c i r cu la r  platee a n  
iaclobod a ~ i ~ i  c a n s .  (OIUCI.- a n  81 'en for  l ~e.cr.1 
108d which i 8  a contienous fuaction of r and a o c c t l o u l l y  
c o a t i u o u r  function of #, u b a n  r and # a rc  cln r a w 1  polar 
coo rd lu t aa  witb the pole a t  the cancar of the  rim#. b v -  
era1 specif ic  o w l e a  fo r  *lea of  the -tor 34. a d  90. 
a n  8 1 ~ 0 .  
3. Cr l f f in .  D. S.. "Stremu8 .d D.f lect im8 of n i c k .  
Crrvd Platas." *# - h p o r  6b-W- for l n t i n g  lkw. 29- 
DK. 4 l 9 6 4 6 p . : ~ a l 8 0 ~ -  T r u - J C u a  . ,r  
Idamt ry  v 97 0 3 Au# l%S p 3033.  J o l u t i m  18 o b t a i n d  
u s l y  L i u a r  theory of e l a s t i c i t y  for a t r e a w s  i n  I-. 
thick. ua i fo r r ly  c u m d  pla te  k t o  preswre on c u d  
u f r e a  and forcer o r  d a f l e c t l o ~  specified on scra isht  
*a; r x l u  a t r e a r s  a r e  cq . r ed  witb thew obtained by 
e l m t a c y  cbin b.r  t b e r y .  r m  of appl lcabi t i ty  
o t  simpler tlwory: 10 W r a l ,  r c u r r y  of e l e r n t a r y  tbcory 
& p d e  oo t o t a l  place -la. a s  r l l  aa  r an - rd iua - to -  
thlckwms ra t io .  
6 Lamhear, H. L., "An Invariant I(..brane Streaa Cunctit~n 
for 8h.Ila." J .  appl. k h .  20, 2,  178-182, J u w  1933. the 
equrtionr of equilibrium of rr.brane atrearea in  a she l l  
era ahom to  be s a t i r f i e d  wlth cer ta in  n a t r i c t i o n a  by a 
aeneralired Airy a l reaa  function. ?or she111 of conrtant 
Cauaaian curvature the s t r ea s  function i a  rhova to k 
unrestricted. ?or other ahal la ,  i t  ra erpreared a8 a func- 
t i on  of the Cmuraim curvature. Col).ri.onr a r e  wde  with 
h c h r r ' r  atteam function. Sholla of r avo lu t im  with conatant 
and vsriable curvature are  diacuaaed. 
7. Lawhaar, H. L. r e  D. I. Carver, 'bn  The I t r a i n  lneray 
of Shells: J. appl. k h .  21. 1, 81-82, kt. 19%. In  a 
previoum paper (WI 3, L.v. 1M1) of th .  f i r a t  author, the 
a t r a in  rnrray w a  derived with the aaauq t ion  t h t  only the 
I iwar i aed  t e r m  in  the thicknear c ~ r d i o l t *  a wed be ra- 
rained in  the #eocr t r ica l  equations b e w e n  tho a t ra ina  and 
the d i ~ p l u e r p n t a  of the middle wrface .  thc prawnt  p a p r  
show tht, i n  aeneral,  the rtrain-.ur8y density l a  only 
a ra t ional  function of a . a d  the a v a l u t i o n  of the a t ra in  
a n r a y  i n  t a m s  of tho d l a p l u e m t a  i e  m t  difficult. In 
th. a i q l e  anample of the centllevar cucwd be- th .  auchora 
point out tht  tb. l inea r i a in j  of the w m t r i c a l  e q u t i o n a  
i n  eoawction with the u w  of a t r a in  ener8y and calculur of 
v a r i a t i w r  laad* to  queatlonabla approxiutiona. lh con- 
di t lona of a q u i l i b r i u  a n  wt u t i a f t e d ;  th a r t  tearion 
d iu# reoa  8mraly .  Et i f  th. I lw l l  i a  tb ia .  tk l i r a r i s i y  
cawor  only a 8-11 e r ro r  i n  thr r t r c r r e r .  
8 .  Lou. 1. 0, J .  A. ?or. and I. I. Loo. '%area lkf leet ion 
Of C u m d  Placer: N U A  Ill %W, 3 pp.; Oct. 19%. The 
a p c l f l c  p m b l o u  t r e a t d  a r e  the deflecrionr of doubly 
curved p l a ~ a  r t t h  wmsl 04. load*. doubly c u m d  plataa 
u h r  *e ahoar l o d a .  a d  m a r l y  cyl indr ical  c u m d  places 
under loal i tudinal  c q r e a 8 i o n .  Iht difference betwen 
the f i r a t  No placaa and the th i rd  o m  l i r a  i n  the fact  
t ha t  the  i n i t i a l  def lect loo i 8  axia l ly  a-trk i n  the 
f i r a t  tuo caw* ub.raaa the th i r !  place is  very close t o  
a portion o f  a r t re l8hc c i rcular  cylinder but h a .  i n  add i t&w.  
a b1iCt bull* a l a y  the l e w t h  of tt .  
Ib. u i n c i p l e  of m i n i w  potantiel -ray. or equivalrntly 
the lit. r c b o d .  10 u u d  t o  determine cb. corff ic ienra  
i n  tb8 a a n t r d  exprcu ion  for tb. a t n a a  function. .ad i t  
i a  found that.  for the l n l t l a l  def lect loas  con8idarad. 
only a f.r  c m f f i c i a n t a  w n  m c a u a r y  t o  represent the 
complete m l u t i m .  Ibis is. of coucw. -rely a w t h r  w y  
of uyig chat i f  the i n i t i a l  &flect ion c m  b. raprerented 
wll by a feu te rn  i n  a double a i m  n r i e a  aod i f  the 
led. ouch clue the t o t a l  &f leetion8 wC.r  l a 4  a r c  
s lmllar  i n  b r m  t o  the i n i t i a l  &flect.on, then only a few 
t o m s  i n  a dmbfe r i a8  *lea w i l l  w f f i c e  equally wll to  
d a u t i k  the & f o r d  a t a t e .  
I n  a d d i t l a  t o  the &taminat ion of rb. atreanen and 
d a f l n t i o a u .  the  e f f e c t i w  width8 of the curved plate8 w r e  
calculated fo r  m r . 1  c a w #  a d  c q . r e d  to  f l a t  b t a  
and c i r cu la r  c y l i d r i c a l  curved pawla. 
9. Ltb.1. A.. "Invariant St rear  and Dmfomstion ?unction8 
for  b u b l y  Curwd Sbella." Tranuct iocu of W. Vol 89. 
Set lea  1. lo. 1, Journal of Applied M h a o i c a .  k r c b  I%?. 
p 43-Y. L u c t  lovariant atream and da fo tuc ion  function8 
f a  doubly cu rwd  (wndevelop8ble) dm118 arm derived. Ihc 
illrrarlmt stress function nducea the s i x  a h 1 1  equi!ibriua 
e q w t t o w  i n t o  a atoxla a p r u t i m  is the a t r e u  f u o ~ t i w  and 
-t ~ m 1 t a r t a .  m. d e f ~ r r t i -  functi- r e d ~ c e ~  ~bc 
tbm m r f r e  a t r a i o - d i s p l u e n l t  r e l a t i a r  i n to  r a iw1e  
c q . c i b i l l t y  q u a t i o n  i n  rb. atra iaa  and &forwclon function. 
i n  t a m  of ubich the chaoms of curvature a n  a1.o e x p r e r d .  
Application of t h w  function8 i n  the fo rmla t ion  of .a 
a p p r a i w t e  H i n #  Lb.ory i o r  I lwl le  i a  pnwntod.  
10. I*iusacr. E.. Ik Fini te  Twistin& and l cnd iw  of 
Circular R i w  L.ctor Pla tes  .ad S h l l w  k l i c o i d a l  Shells." 
Quarterly of Applied k t h r w t i c a ,  vol 11. 1963. p 6 7 3 4 1 .  
th author conalders thr  behavior of a t h in  c i r cu la r  r i q  
-tot plate s-tbjccted t o  t m  equal aad upposite forcea 
perpendicular to thr. p lme of the pla te  and l r t e r  .maLyus 
an i n i t i a l l y  def l rc ted helicoidal she l l .  Strema .rre41tarats 
and ctmpler a r e  b r a d  i d e p a d c n t  of thc polar q l e .  0 . 
m d  t r e n m r s e  d i s p l a c e m t  is a s w d  proportional t o  # .  
Thr 8olutions a re  obtained i n  t e r m  of an Airy a t reas  
funrtiun. 
11. k i s m n r .  I.. "b&at ional ly  S ~ t r i c  h o b l e u  i n  the 
k r y  of Thin Elaatic S&llr ; 'P?s .  Third U.S. kt. 6 w r .  
Appl. ICch.. June IOU; k r .  Soc. k c h .  ts((rs., 19Y,  
51-69. k p r  yrcsents an erduustive mnl c m c i w  u r w y  of 
l inear  d nonlinear cheury of r o t a t i o u l l y  a).lrtric p t u b l c r  
of t h i a  e l n s t i c  sbclla.  k r r r o u a  i q o r t m t  c ~ r l k t l o r ~ s  
t o  &a mbj.ct by author md others a r e  -rt& u l t h  aim 
of con r t tuc r iw  n uaif lcd a d  v r a l i o c d  cheery. 
h r y  of ahal lor  ahel ls  >f ravolation is t r c a t d  for 
l i a r e r  a d  mll w t i n e a  Jcflectlmm. ICcbod for clonml 
nonlinear wlrtia, of 8 h I l a  a p k r i c r l  -11 l a  slwa. 
In  rirv of - iu t lon  o: appl lcabl l i ty  of d r m  wlu-  
ti-, boundary-1-r t k o r y  i m  - r i d .  C o d i t i o n  for 
mi8 t r ace  of beud.ry-layer uelutlon l a  dc ln lopd  fo r  
m r a l  c a m ,  tlwa p r r a l i a l y  kaam c o d i t l ~ l r  for 
a ~ t i c a l  *It. 
kMJ-orllrr e o r r u t l o n  tbwry for  l a f l w a e  c a f f l c i a n t a  
et &ell t o d d  on b i l p ~  only i a  h l o @ .  0nrt.1 c d i t i m  
lor r a l & i b i l t t y  of t b l a  c o r n c t l o n  i 8  #lwa.  tkr p r t a l -  
l x l q  e a r l t a r  rewlt of n*t for cylt . irica1 h l l .  

beins atudled by a frnwuork of berm erracy.d eccordlns t o  
a def lnl te  pattern, the e l e r n t r  of uhlch arm endoued wlth 
e l aa t i c  proptrtlea rul table  t o  the type of problem. h l a  
Cremwrk 11 then anelyred, accordin8 to  the procedure out- 
l i m d  in the p a p s  f o ~  vatloua typos of e l ea t l c  problema. 
Lxamplrr of the appllcatlon of  th. princlplea involved are 
alao 8lven. 
11. Kalnlur, A .  and 1. I. k a t l q l ,  'On Nonllwrr Analyalr 
of Llabtlc Shella of Ikvolutlon," Tranractlona of Alll, 
Vol 89, 1erl.a L Yo. 1. Journal of Applied kchan lca ,  
b r c h  1967, p 59-61. A w l t i a e ~ r a t  r t h o d  l a  devalopod 
for tha aolutlon of tuo-polnt boundary-value p rob leu  
soverned by a ayatem of firat-order ordlarry noallnear 
d l f f e r m t l e l  equatlona. Sy r a n #  of t h l a  r t h o d ,  rotation- 
a l l y  a y r t r l c  shel la  of a rb l t r a ry  ahape under a x l a y . r t r i c  
l o d a  can be analyred with any avai lable  nonllmar bendily 
theory of ahella.  Ihc bsmlc equationa required by the 
r t h o d  ere slven for o w  per t lculer  t h o r y  of ahella. end 
n w r i c a l  examples of a a h a l l w  apherlcal cap md  a corple te  
torua wbjrc ted to exterael preaaure ere  preaented Ln de- 
t a l l .  Rr r l n  advantale of th la  mthod a re r  the f ln l t e -  
difference approuh i s  t ha t  the aolutlon l a  obtelwd wety-  
where with uniform accuracy. and the l t e r a t lon  proceba wlth 
reapect t o  the mesh s i r e ,  which is required wlth th f ln i t e -  
difference r t h o d .  i a  elminated. 
12. U u h r n ,  S. and D. I. II.11, "Iendlaq t l e m n t a  fo r  Plate 
and She11 lletvorks." NM Journal. Vol 3, llo. 3. m r c h  1967. 
p 102405. h l e l y u i a r  bend lq  e l e r n t a  that  can b applied 
to l r resular  p la te  o r  she l l  mtwrkm ere  praaented. t qu l l -  
lbrlum as  well ea e l a s t i c  propertlea of theae e l c u n t a  ere  
derived. Also preaanted a r e  p e r e l l a l o ~ r n  pla te  k n d l l y  
e l e r n t a  ubore e l a a t i c  p r o p r t l e a  include core shear 
deformbtiona for aenduich o r  thlek plates.  th elementr 
p n u n t e d  a re  peculiar t o  the m t r l x  force r t h o d  with 
v i r tua l  work concept# fomi ly  the h a i s  for computation of 
the e l a s t i c  propertlea of th elemnta .  A r t h o d  of pro- 
v ldi ly  t r ans l t l on  elements between t r l en lu l e r  and paral le l -  
W r r  mtuorka is  e lao stvan. 
1 .  I ( h . n ~ ,  J.  end R. I. Booley. ''Compsrlwn and tveluat loa  
of Stlffneaa Matrices." NU Jourcul. Vol 1. No. 12. D.c 
l%6. p 2105-2111. lkevlour deve lop rn t r  i n  the comparlaoo 
end evaluation of a t i f f m o o  m t r l c e a  a re  r rviwed.  A rim- 
p l i f i ca t lon  t o  the r t h o d  of u k i a q  corprrisona on the beaia 
of s t r a in  eoeroy 1s preaanted. and it i s  ahovn that the 
resul t#  of e l w n t  s t i f fnes s  r t r l x  eoqar loona apply t o  
the structure. Ihe theorr t lca l  baala for o b t e i n i q  rpproxlmte  
qual i ta t ive  compariaona f r a  a t l f facaa  v t r i x  e l s e a a l u e a  
1s deac r ibd .  and the e r i a t l ~  hypothenla on the l r  use 
evaluated. P#l plane atrema a t i f f m a s  m t r i c e a  for aquare. 
isotropic e lemnta  a re  coqared.  and it is  .boucl t ha t  it 
1s reasonable t o  expect boundily of the r t r a l n  eoerty by 
vary1ly.a a t i f fnear  m t r i x  p o r a r t e r .  A r t h o d  of c o q . r l q  
r t l f fnesa  u t r i c e e  of d i f ferent  order* is proposed. It 
el80 l a  ahom that  aquare e l emnte  ~ e n e r e l l y  d l1  pawide a 
bet ter  epproxlut lon to  the r t r a in  emr8y then constant-atrear 
t r i a q u l a r  e lemnta .  
14. Kleln. I.. "A Simple Nethod of Metric Structural Anelyair." 
Journal of AerolSpce Science. Jan 1957, p 3941. A 
simple method of r t r i c  struct a1 m z l y r l s  l a  preamted 
uhlch La belleved t o  haw cer tdln  d i s t i nc t  adventa8es over 
e x i a t l n ~  methods as  explained In the text.  RU poaalble 
dlsadvanta&ea o f  the r t h o d  even twl ly  m y  be m i n l d u d  ea 
the a l r e  and scope o f  a u t w t l c  c a p u t i f q  e q u i p r n t  are  
u d e  lareer.  Certain two.- and th rw-d l rna iona l  problem 
a re  worked to  i l l u s t r a t e  the case and almpliclty of the 
c t h o d .  
1). Klein. B., "A Simple llrt hod cf b t r l c  Structural 
Amlyala: Part I1 - Effect,  of Taper and Coasideratlon 
of Curvature," Journal of A.rolSp.fe Scleacea, kv 1951, 
p 813-820. The r t r i c  method of a t ructure l  analyaia pre- 
aented prevloualy i n  Part I l a  extended to include the 
e f f ec t s  of  p a n 1  geometry lad gase taper. a t r i y e r  taper,  and 
a consideration of curved e l e r n t a .  The reaul t l ly  r t r i c e a  
are  of the s a m  form as  the previous u t r i x  and of capa rab le  
simplicity. Several problema ere  preaented to  i l l u a t r e t e  
the r cban ica  and s1np:icity of  the extendeJ method. 
16. Klein, B., "A Simple Method of b t t l c  Structure1 h l y l b :  
Part 111 - Analysla o f  Flexible Frames and S t l f f e n d  Cyllndrlcel 
Shclla," Journal of AerolSpace Sctencea, J u n  19SI. p 9% 
394. lhe meth. J presented Ln Part I1 (reference 2) 1s ex- 
tended to  c m e r  r k ,  case uf r t l f fened c y l l n d ~ r s .  Freetable 
loadlnga include t h \ r e  producing peak shear, auch a0 l a  
f lexible  f r a r  probltna. and thure invulving thermal stressen. 
Various s t ructura l  i r . e ~ a 1 a r l t i e s  may be act-unted fnr. 
auc;. a s  variable f r a w  -nt of  iner t la .  tapered loye ron l .  
variable akin gage, ctttoeta, nonclrcular cyl lndr lcel  
ahel ls ,  e t c .  A f lexible  f r a r  pntblem % a  aolwd for  
L l lu s t r a t lm  Iwrposea. 
17. Kleln, 6.. "A Siaple M U L M  crf Hacric Structural  
Analysla: Pert V - S t r u r t u ~ e s  CnntdLnlly Plete t l . r a t a  
of  Arbitrary Shape and ThFhlckr:*ba," Journal of luto/SpSC* 
Sciawer .  t'w 1960, p 659-865. S l q l e  equatlone e m  umd 
t o  t t z e t  p la te  e l ewnte .  - C ~ I I M ~ ~ O ~ S  e r e  b a t c  equil- 
Lbritm and f o r c e d t a p l a r e ~ n t  equdtlona. th plate  e l e m t l  
u y  be of  any shape and h v e  any thtckneaa variation. The 
atreaaes in the element. m y  vary i n  a ccvplex p . t t em 
%re na.ed m t  hc any edlr amber& attached to  tho plates.  
All equationa are  s l l p t e  tu derlvc end simple i n  p r i a i p l e .  
Most equatlona contain de f io i t e  intt*rale.  Since La gemre1 
the ahapa  and thicknrasea of the plate e l e m t e  e re  arbl- 
wary, a a l rq l e  n u r r l c e l  Inte&rrtinn uhcr l a  vard W 
evaluate the integrals. k r r o u a  nu.ric.1 e u a p l e r  are  
vurked out t o  illustrate the m c h a n l c ~  uf the mtbod and the 
c c c u r s y  a t t e imd .  
1 Kleln, I.. "A Oqq le  l t h o d  of b t r i c  Structural 
Analyala, t a r t  V1 - knd ln8  of ? l a t e r  of Arbitrary Shape 
and Ihickneaa Under Arbltrety U o r u l  Loadin#." Journrl of 
AerolSp.ce k l e n c a a ,  March 1962, p 30.322. k t h o d  for 
analyala of senera1 Linda of complex plates under c a p l e x  
norm1 loadlns: w r k  l a  extbnrlon of prevloualy Blven r t r l c  
mthod for aolutlon of i n -p l an  pla t*  probleu;  r t h o d  11 
of coqa r rb l e  almpllclty; a11 boundary condltlonr are  
u t l r f l e d  weally end directly; n u r r l c a l  examplea Llluatrate 
mchenlca of method. Part V indexed in  Ins lneerLy tndex 
1961 p 1285. 
19. lo, C. C.. -. Y, Yledenfuhr, and A. U. Leirra ,  "lurther 
Studlea i n  the Applleetlon of the to ln t  Wltchlas hchnlque to  
Plate Iendlly and other Il.rmnlc and I i h e r v n i c  bundary- 
Value ?robleu,"  Alr Force T l t ~ h t  Dynamlca Laboratory hchn lca l  
b p o r t  lrRa-ZI-65-114, 175 pp. (Jan. 1966). Contract lb. 
AV 33(657)-I772. Thia wrt is the aecond r e p r t  r u a r i a i n s  
vork i n  applyiw the  polat matchins technique t o  p l a t e  
bmdlns  md other hallonic and bihamonlc boundary value 
probleu.  Ideas t o  improve the n u r r l c a l  c m r s e n c e  are  
laver t l@ated.  O n  idea Involves u r l y  u l t i p l e  pole* of 
expanelon; t h i r  l a  dnoaa t r a t ed  by a toralon problem. 
Sources of round-oft e r ro r  a r e  ident i f ied  wd w m ~  of 
minimlain# i t  e m  d.acribed, a l m s  u i t h  ex rp laa .  The 
concept of ~ r l t l p l e  polen la  extended fur ther  t o  the uae 
of a l a t e e  aub.r of or is in* located a l a s  the boundary 
i t s e l f .  Si lyular l ty  funct ima referred t o  theae origlna 
m u e d  t o  r e p r e r a t  concentrated foreem and maentr .  
P a d  i n  conjunction v i t h  point matching, a method r e w l t a  
uhleh i r  an a p p r a l u t i o a  t o  the a o l u t i a  of singular 
i n t e s re l  equatiaoa, nd yield* . rcel lent  n a u l t a  for i n t r i -  
ca t e  ah.).#. b i t a b l e  equatloar e r e  formulated for  rep- 
rerent lns  the  boundary eond i t ims  by s t ep  functlon o r  
po ly~oaa l  h a t l o o  qproaimatioa for r emra l  claaaea of 
problame, iacludln8: conductiw heat trmnafer, torsion, 
plat* bendin#, md plane e l ea t l c i t y  with mixed boundary 
e d i t l a m .  k r e r o u r  m r i c a l  a r p l e a  ere presented 
which damonstrate the teehnlqw end eonverseace for these 
c l a n u s  of p rob leu .  
20. Lu, 2. A., J. hnx len ,  end t. ?. b p o v .  ' I l n i t e  E l e r n t  
Solution for  l h i n  Shel ls  of bvolutlon." NASA CI-37. 76 pp., 
July  1964. ( t r e p ~ r e d  ueder Grant 80. NeC-274-63 by Unlv. 
of Ql l f . .  Berkeley. Calif.)  l h i n  r h l l a  of r ewlu t ion  are  
widely used l o  f l i s h t  s t ructures  and the l r  e ru ly r i s  l a  of 
#reat lmportence to the dea im entiacer.  I n  much ahelle for 
a)l.trlcal losdilya end wll d i a p l u e m t a .  the - d r e a r  
a t n a a e a  and the correapoadln8 e l a s t i c  dlaplacewnta can be 
readi ly  coquted.  -vet, d w  t o  tk V a r i a t i o ~  La thlck- 
aeaa, rlq-lllu reinforcemnta a t  opening8 and junctures wlth 
the a d j o i n i q  shel l*  a d l o r  a t n r t u r e a ,  w r y  Important 
b o n d i q  a t n s n s  hve lop .  'The mulya l r  of mch s t r e a w r  
may be very complex. I n  f ac t ,  wlut lona are available only 
for the  few almplest poealble ahmpen of the r r l d l a n .  Also 
w r y  f w  rolutiona ex ta t  for the c a n a  of variable th lckmsr  
end, i n  s o u  of the ~ o l u t l o n r  uhlch a re  avalleble. :he thlck- 
m a r  ver la t lon l a  p r e u r l k d  for reeauna of u t h e r t l c a l  
expediency. On the other  hand, f u n c t l o ~ l  and unufactur ins  
requiremnta of ten deund  a rb l t r a ry  shape and thlcknera 
v a r l a t l w  of the she l l  of revolution. To achleve a p r u t i c a l  
aolutlon fo r  auch a seoeral problem is the primary purpose 
of t h i r  t w e a t l ~ a t l o n .  
21. 'Watrix ICthoda in Structural  k c h a l c a , "  (p roced iwe  of 
the conference held a t  Wrilht-Patterson Air Force Base. Ohio, 
26 t o  28 October 1%5). NFBL-m-66-80, Tha Conference on 
W t r i r  Mthoda in  Structural  Mechanier held a t  Yrie t -Pat terson 
Air ~ o r c e  Wee on 26 t o  28 October 1965 vu sponsored jo int ly  by 
the Air Force F l i # ~ t  Dynrlce  Lsboratory. Research end Tech- 
' 
nolow Division. Air Force S y a t w  Comand, and the Air Force 
I n r t l t u t e  of Technology. Air Unlwralty. The purpose of the 
conference uea t o  dirccua the recent developwnta in  the f i e l d  
of u t r i x  r c h o d a  of atruccurel an.lysis and deaisn of wroepace 
vehicles. 
The M papers presented uere arranged ln to  6 sessions under 
5 d i f f e ren t  themes; General W t r i x  Methods. F in i t e  Element 
hopor t l e s ,  l bn l  ear  Effects,  Dynmiea. and Applicetionr. 
l W  papers cover p r u t i c a l l y  e l 1  m j o r  aapecta of recent research 
and developent  work i n  the f l e ld  of u t r i x  method8 of a c ~ c t u r a l  
analysis end deaign. 
22. Melosh, I. J., " b s l e  for  R r l v a t i o n  of k t r i c e n  for 
the D i m t  St i f fnear  Ilrthod," AIM Journal,  Vol 1, lo. 7, 
July 1%3, p 1631-1637. ?rWioua d w e l o ~ n t a  i n  the d i r ec t  
a t l f fneaa r e h a d  a re  n v i e w d .  lh *tmtema of extendins 
the d e f l n l t i m a  t o  r k e  the r t h o d  l v a r l b t i o u l  approach e re  
c l ted .  The f l n i u  e l e m t  fo.luletlon of th. mthod of 
d n i w  potential e n e q y  l a  si*.r. Sxpl lc l t  requiremnta 
of potent ia l  enor$y d l e p l u e m t s  e re  prewated, end a c r l t e r lon  
i a r u r i q  m.otontc c o m e r w e  La developed. 1 l l w t r a t l v e  
d l r p l e c m o t s  y l 8 1 d l ~  m t r i c e a  resul t ing i n  o a o t o a i c  
coweqence a re  iacluded. Available u t r i c e a  e re  revlewd 
wlth r e s p c t  t o  th. e x t e d e d  d.*elop.nta. 
23. Ilrloah, I. J. a d  I. G. b r r i t t .  "Cvelwtloa of Spar 
WttiCCS for S t i f h a m  A M l f ~ a . "  JO.m1 of th. ~ M / S V C C  
k b a e a e ,  Vok 25. k. 9, k p t  t9U. p 537-143. W r p n c e  
di f f icul t lem h.*. L... m w w t e r e d  l a  tha &flect ion r u l y r l a  
of ce r t a in  a t ructurer  ulch m a t  o t  the k m d i w  r t e r i a l  i n  
the rk t a  u r i y  the s t l f f m s a  r tW. The d l f f l cu l t i ea  are  
a t t r l k t e d  t o  the cue of the el-tary k r  a p t  m t r i x .  
Tuo new spar m t r i c e a  e re  dove1q.d d compared u i t h  Lb. 
ut rh  b e d  oa e l e n a u r y  k m  aoateptm. fb e r ro r ,  .a 
a f u ~ t i o n  of the  d a 1  ku.ltdom and tb m t n t u r a l  par- 
r r u r a .  La &terrlocl l o r  a k- a u t y u d  ur ins  tk .p.r 
u t r i x  f o r  tha n b  d atri-r w n i c e a  for  t! f l a w * .  

ul11ch 1 1  rcinforcrd by equally aprced, equal a t raryth  
clrctrlar r i n ~  a t i l feners .  Ibr dlaplacemnt configuration 
assumed permits inter-ring deformation of the rhel l .  Nu- 
m r l c a l  calculations were made for  a cy1indricaI rhel l  with 
various aiac8 of s t i f f en ing  ringa,and curvea wen plotted 
which show the e f f ec t  u t  the ringa upon the frequency 01 
vibration. 'Ihe numerical valusa obtained ware a l so  comparad 
with thosr calculrted by approximate r t h o d r  and wrm found 
tu agree within t10 percent. 
3. Guyan, R. J . ,  "Raductlon of S t i f fna r r  and Mera Wt r i cas , "  
A I M ,  Volume 3, Nu. 2, p 380, Pebruary 1965. Thia papar d ia-  
cusaea a m t ~ i x  condensation techniqua by whlch the order of 
a t i f fnaas  and .mar matrices can ba cduead. Reduction la rccom- 
plirhed by aliminating coordinates a t  whlch a raro  force i r  appliod. 
The reducad notrices re ta in  the structural and u r a  propertior of 
the oripinal matrices in a complex form. Thir w i l l  be uaoful 
in the inducer vibration program by rduc ing  cha number of 
degraea of freedom por f ree  node to one. In chi8 manner, an 
exiating CRI)(: tipenvalue or l a t an t  root prolram that i r  llmitod 
to .50 degrees of fredom wi l l  allow m lnducar with r m a x i w  
of 50 f ree  noder t o  be a n a l y r d .  
4. Kalnina, A,. "Cree Vibration of Io ta t ional ly  Symmtric 
Shel l l , "  Journal of the Acouacical.Sociacy of A r r i c a ,  
Vol 36, No. 7 ,  Ju ly  1966. This papor La concerned u l t h  a 
theoretical invaatigarion of the f ree  vibration of a rb i t r a ry  
B e l l a  of revolution by leana of the c l a r r i ca l  b*ndin# theory 
of ahella.  A r t h o d  i a  developed that  i r  appltcebla t o  
rotationally aymetr ic  .hells with r r l d i o n a l  varlationa 
(including diaconlinultiea) i n  Young'a mdulua, Poiaron'a 
r a t i o ,  radi i  of curvature, and thiclmnear. By r a n .  of the 
method of th la  paper, t!w natural fraquoaciea and the 
correapondin# mde rhapoa of a x l a y . r t r i c  or nonaymmtric 
f ree  vibration of ro ta t ional ly  a y u t r i c  ahollr can ba 
obtained without a l imitation on the length of the r r i d i a n  
of the ahell .  To i l l ua t r a t a  the appiication of the mthod 
given i n  t h i s  paper t o  pmrticuler r h r l l r ,  a o r  reaul t r  
of free vibration of spherical and conical ahal l r  obtained 
ea r l i e r  by r a n .  of the bonding theory are  reproduced b j  
the general method of t h i r  p a p r ,  and a deta i led  eo.p.riaon 
La made. l n  addition, paraboloidal ahel l r  and a aphara-coru 
ahell  combinetion are  considered, which h v e  been praviwrly  
ma1ya.d by r a n 8  of thc i n e x t a n a i o ~ l  theory of rhe l l r ,  
and natural frequenclea and d e  ahape8 predicted by the 
bending theory are  given. 
5. I r l n i w ,  A.. ,718. N o n a ~ t r i c  Vibration8 of Shal la ,  
Spherical Sholla." Proceedin~m of the Fourth U.S. C-rorr 
of Applied Hoch.r4.cs, Vol I, p 225-233, 1962. Thil p e p r  
i a  coacarned with the i n v ~ a t l ~ e t l o n  of tho natural frequbacier 
and node r h p r  of f ree  vlbrationr of r h a l l w  8pb.rical 
a h e l i ~  with ~ I W  o r  the c1a.aic.1 t h o r y  of o h a i l w  
ah-11r. Kxplicic aolutionr for t h t  t h r w  d i r p l a c e r n t  e m -  
pownts of the middle a u r f r o  are  dertvod l a  t o m  of 
Berrol fuactlonr. and the fraquaacy aquation *-r  8 ahallow 
apherieal cap wlch a clasped edge 18 daduced. A11 natural  
frequenciee within a cer ta in  frequency band are  daterrinad 
fo r  various valuca of tha clrcumforantial wava nu.b.r, curvature. 
end thickmas of the ahell .  lb wde rhoper of tho f i r s t  r l x  
node* a re  calculated and t h l r  character i s  examtnod. It 
i r  found thet  the d e a  are  ruch that  e i ther  the l o ~ i t u d i n a l  
or the t rmrve r re  dirplacoment i r  predominant. Tho corte- 
apondlq frequency equation ~ i v o n  by the theory of t ranovaru 
vibration La deduced and by c a p a r i n g  i t 8  froqwncier t o  
tboae of the c laur ical  theory the d e w  not predicted by 
the theory of t r anwar r r  vibrationr aro determined. 
6. t a l r r .  F. J., "Wotural F ~ ~ q w n c y  of Vtbration of Curved 
Rectoogular t?r tor ."  l u r ~ c u u t i c a l  W r t o r l y  v 5 pt  2 July  
19% p 101-10. Vibration n a l w t o d  for  fundommt.1 oxtea- 
r ioar l  nodo. thou&ht t o  be appllcrbla u b n  p1at.a a n  ox- 
c i tad  by u n l f o n l y  d1atribut.d p n r r u r o  a r  r y  occur u l th  
dynamic prorruro n v a ;  natura l  f roqwacier  c o r r e r p l d i q  to 
thia  mde inereore f a i r l y  rapidly u l t b  curvature of plat*. 
1. Daw. D. J . ,  "A F ini te  Llerc l t  Approach t o  Plat* Vlbrr- 
t i on  Probleu,"  J .  Ilrch. E v g .  tri. 7. 1. 28-32. nor. 1%). 
Lmrgy conridoretionr a r e  u r d  t o  darlva r t i  .we# aad l w r t l r  
u t r i c e r  fo r  a n c t m g u l a r  1aotropL pla te  a l m n t  of uolform 
thickmar. The daf 1act.d t o m  of each 01.rat i r  mar 
t contain l proporttolul t o  1, a. y, x2, xy. y2.3:  f Y e  xy2, Y5.?Y. V3, and the twelve araociated unk-r 
arm determine. f r u r  continuity of w. &/ax, bvlh a t  th c o r w r  
pointr. (k. a l w  Zienkiwlca and Cb.uy. M 18 (1%)). 
Rev. 131). Th8 r t r l c a r  a n  u n d  to find t k  a r tu ra l  
f roq~oac to r  of co r t r in  rquon p l r t a r ,  and c q . r l . w r  u l t h  
o tk r r  w l u t i o a r  rha tha t  the mthod 8ivor 8ood mou l t s  
m n  for n l a t l w l y  for  e l r r n t r .  
2. Do&, A.L. .Id T.ll.l. P i u .  "lCplicatioa of hoot!- 
( u r t r o  I n t c r p ~ l a t l w  t o  tho Flnl to  Klomdt l u l y r l r .  
AIM k u r r u l .  Vol 5, lo. 1. p 187-189. J8a l? 57. Ca- 
pmtlbility of tho sIq .8  d~ tb8 -1 of tlu ta tor-  
e l o m s t  b o u d r t t o r  of t l n l t e  r o t & t l r r  o l u a t r  l a  
-1- la  r h l e w d  by the u w  of apecia1 polyamla1 
fmctiou. 8 t l f f w r r  md w a r  utrlc.. b m d  upon L k r o  
I w t l o n r  b m  br uaol t o  uL. a t U t e  ad 4 y u l c  * 
r a l y w r  of r e t r y o l a r  plates. %(r utkod ylol la  a 
c a u t C r a b 1 0  lmprovarnt i n  u r l c a l  r o l r t l a r  of dl#- 
p l . c r r a t r  l a  w d c d  8 o l r t l a u  of 4 l a p l u . n r t r  nJ 
cTqllmei.r a8 O b t D l d  vitbwt th8 w8 o t  Irt.r).l.. 
tim Iuftiolu. 
3. Laurran, N .  1.. I. P Ihubinakl, and I. U. Clouah, 
"Dynamic k t r l x  Analyria of C r a r d  8tructurer." koceadingr 
of thm Fourth U.8. Conlrerr of Applied Nochnicr,  Vol 1, 
1962, p 99-105. h. matrix l r thods  daveloped i n  recant 
p a r a  for r t a t l c  enelyr i r  of atructurer can k urrd effeet lvely  
to  detrrmine the natural frequenclrr of those r t ructurar .  
Thir can ba eccmplirhad by davelopinl a dynamic a t i f f a e r r  
matrix for the tndividual r l b e r a  end aubaequently obtaining 
a dynamlc a t i f fnear  matrix for th en t i r e  r t ructure .  Subati- 
tu t ion of t h i r  w t r i x  i n to  tho appropriate equilibrtull  
exprerrion r e r u l t r  i n  an axprerrion for the natural Ire- 
quenrtea of the atrustura. Application of rh i r  tachniqw 
La demnatratad hare with ravaral differr..t eaamplea, TIN 
r e r u l t r  my  br conaidered exact in the aenma that  the maa 
of a11 rmborr  i s  aarumd to  be diatrlbutad and the r t i f f n a r r  
of a l l  mmborr l a  m a w d  to  ba f in i t a .  
4. k e k i e ,  F. A . ,  "Application of Tranafar Watricer to 
Plat* Vlbrationr," lqenirur-Archiv v 32 n 2 1963 p 100-11. 
Succarrful application of t r a n r t r r  u t r i c e r  t o  capucat ion 
of n r tu r r l  frequencies and normal wdaa of e l aa t i c  a y r t a u  
daacribad by niryla apace varlabla ruueated extension t o  
include syrtema demcribod by 2 rpme var iablar  ouch as 
p l a t * -  when. inatead of p la te ,  model auga r t cd  by A .  
I r e .  . f f  w a  uaad, problem could be reduced to  o w  wlth 
f i r  r - e  degrees of freedom. 
5. ' h t r l x  lkthodr i n  Structural  Ikchanice," (procadirur  of 
the eonfrranca hald a t  Uri8ht-Pacteraon Air Corce Bare, Ohio, 
26 to 28 October 1965), AWDL-TI-66-80, The Conference on 
n r t r i x  mthoda in  8 t ~ c t u r a l  tkchanicr hald a t  Uri8ht-Pattorron 
Air lorca  k r r  on 26 t o  28 October 1965 war rponrord jo lnt ly  
by tho Air Forca Fl ight  Dynrica  Laboratory, Research and 
Technology Divirlon, Air Forco S y r t e u  Coaand, and the Air 
Force lne t i t u t a  of Trchnolow, Air University. The purpose 
of tho conference war t o  di reusr  the recent dewlopwnta  in 
tho f ie ld  of u c r i x  r t h o d r  of r t ruc tu ra l  u u l y r l r  atd design 
of aarorpace whlclea .  
Ib M paperr p r o r a n t d  war* arranged in to  6 aeaaiona under 
5 di f forant  th-8; Ooneral t b t r i x  Methods, F in i t e  E l w n t  
Propertiar,  Wonlinrar Cffacta,  D y n r k r .  and Applicatidna. 
The p e p r r  c o w r  p r u t i c a l l y  a11 u j o r  rspectr  of recant remurch 
and d o w l o l m t  work in the f ie ld  of Nr r ! r  mthodr of r t rucrural  
mo ly r i a  and darign. 
6. k 0 r a t t a n .  I. J.,  and E. L. North, 'Hbra t ion  Analyaia 
of 8halla Uaiw Diwrete  b r a  Tachaiquoa." Trmaact iow of 
MIS. Wovellkr 1967, p 766-772. A r t h o d  for a n a l y r l y  thln 
r k r l l r  by l d i r c re t a  u r r  twhnique i r  preaonted. h. rhe l l r  
and a t l f h n a r a  are  i d e a l i u d  a s  a ryatem of l uqvd  r s u r  and 
an e l a s t i c  f r m w r k  b v i c y  the equivalent mars and a t i f f n e r r  
of :ha a c t w l  r l n l l .  This r t h o d  i r  m r t  ureful for r h e l l r  
~ t i t h o u t  ro ta ta  ~ n a l  r y u t r y ,  rinco c l a r r i ea l  w lu t lon r  are 
not w a i l a b l r  to t  there case.. F w r  e x a q l e r  a r e  praaanted 
and a compariron with expe r imnt r l  r a w l c r  and c l a r r i c a l  
theory La meda fo r  a case o t  a r p t r l c a l l y  a t i f h n c d  
cylinder. 
7. Iavaratna, D. I.. ''Uotural Vlbrationr of b o p  Sphoricrl 
8hellr." UAA Journal. Vol 4,  k 11, p 20Y->058, lar 1966. 
The author raprerent8 a h l l  of revolution by a u r i e r  of 
d l w r o t e  f ru r t r a  of r h e l l r  which r a t l r f y  the d i r p l r c e r n t  and 
s l o p  eontinuicy a t  t k r  c- nodal r l r c l a r .  8tifft~rw.r 
and u r r  r t r l c a r  are  dotorrlned and the matrix frequency 
e w t l o n  i r  wlved for the ~ t u r a l  f reqwncier  rad the 8.n- 
o r a l i u d  d l r p l a c o r a t r .  Colculotlona for  rphorical r k l l r  
u l t h  f n a .  h iwed ,  end c l a q e d  ldgo. .&roe r a t i f w t o r l l y  
u l t h  t h o u  o b t r l ~ d  by othor r t t d r .  
8 louinrkl ,  J. I.. , 'Z.r8e-&plttudo O u i l l r t l o n a  of Obllqua 
Paml r  with an I n i t i a l  C u n a t u ~ e , "  A I M  J. 2. 6. 1025-1031. 
Jvlw 1964. Vw d d n  f ie ld  eriwtiono for f lexible  obl lqw 
pla tor  u l th  an l n l t l r l  curvatuca aro e8t.nd.d to  a dyaamlca? 
c a n .  Uricy eorima repreuntaclon of l n l t l r l  and oddi t iuar l  
&f loc t low rod U1ort.a 'a procodurn. the 8ovorn lq  oquatloa 
fo r  an ad. i r r lb le  woo t t r  fuactlon 18 ortab1lrb.d. Orin8 
t h l r  r i q l o  arrumd d a l  defloctinn. and amaUdw bui l t - in  
Od#O f 1 ~  t O  IDY. i n  the Lllpl~O. dlr.CtiW8. th. f 0 l l O U l ~  
p r t l c u l a r  c a w 8  a n  d l u u r u J :  buekl lw of an oblique pla t .  
under unlrxlal compnralvo load, fro. l i ~ a r  vlbratlons 
of a yurn plate .  largo d a f l r t i o n r  of a u n l f o n l y  100d.d 
8pcuto pla te ,  map-through ph.-na of a curved ob l iqw 
p la t .  &r uniform t r a n o v e r r  load. and fro. w a l l m a r  vl- 
bratlone. A w r l c a l  axamplo conea rn lq  a rho&(= p la t e  
i r  d iwr r rod  l a  m n  dotai l .  Z h  r l l - k ~  f a t  ut a do- 
c r u w  o f  cb. p r i o d  of wm:.wab vlbrat ionr  u l t h  an i r r o a a l y  
q l l t u d a  :r corroborrtod, t b i r  n l a t i o a  k iw lee r  pro- 
. O M O O ~  for  l a m a r  w w p  m11.r. 
9. h t y t ,  W r i c o ,  "?tatto O.rat V i h a t l e o  *cUlyr& of 
Crukmd Plat00 i n  T w I B ~ , "  TwhnCarl b p r t  15)a-Tb-67-3U, 
J-q 1968. A f i n i t e  element wrbd of butymlr  i a  dew1op.l 
t o  dototr*lo vibration cluruurlrthr o t  m a i r c r a f t  frur - 1.w -1 c o X i a i a #  a f a r i p .  e d .  w r w t o l  -n*:(oar 
ohm t M t  u tk la18tb of the  c r w k  tar -omor, tb. tr- of 
vibration n w h  a m l n l u  crbr tb. f m  o d p  of tho crock 
LPcklea. Zho var ia t ion i a  t h i s  Ih.aomma rrth imreu iq  plat. 
r t d t h  lo r w l l o d  both u p 8 r 5 r s c e l l y  .d t u o c e t i u l l y .  
Tho uulpl8 Lo d-1- l a  l ry r t ru r t i o  m r  UJ culcu- 
l a t h e #  a r e  p r f o d  a t  ucL 8- on pr0bL.r r l t b  LDan 
.olrtLau to d e t a r d u  tbo oecurw o t  t l  rebud. r o b l v  
o w U . r o d  iacludr ck vlbrbtrosli o t  flat p l e w  of *win8 p l u -  
ha, tho v ib re tLea  of a q l l * l r l o a l  rhell, tho k w k l l w  o t  a 
w u r p r l a t  p b t e ,  n d  tho vibra t lcnr  o f  a mctm#ubr p l a u  
i n  bqrruk.. 
mo uchd L. f i u l t y  *lid to tbo -la o f .  atwkd 
p b t .  la ~ i o a  ar tho -8.ulU -r8d a t h  ayr t tmmltal  
waaurounta.  tha part bucklina bahavior ia ealculatad wln8  
a atap-by-#tap malyaia to pareit ltnaarication of tha r v e r n l q  
aqurtiona. 8y emaUer l ly  the ca lcu la td  atraaa d ia t r ik t iona .  
tha variation In bucklinl( rtraaa with crack lanath and plate 
width la arglalnad. 
10. Plaaa. Y. S. Sr., J. I. Oliwa, and C. D. kwam,  
"Application cf  b i a a u r e a  Varlatiolul k i w i p l a  to Can t i lna r  
Plata k l l a c t i o a  and Vtbrrtion hobloma," Jourcul of Appllad 
Nacbanica, Manb 1962, p 121-135. A variatloaal p r l r i p l a  
dua to  8. b i a r r u r  haa baan rewrittan in a form chicb La 
applieabla to a u l l  daflacti-1 problem for thtm plator. tha 
mdiflad prinelpla i a  cue4 to obtain approxiutionr to  
a u t l c  deflection and vibration problam of rquen and alur  
eantllavar plater of uniform t b l c l r a a .  
11. b a a .  I. V. ,  J r .  and Y. t. Matthaw, 'Tnquowiaa a d  Node 
Shapaa for Axtryl . t r lc  Vtbration of 8holla." hanarc t iow 
of UP., Vol 89, b r i a r  I. lo. I. Journal of Appllad Ibolunlca, 
March 1967, p 73-86. lhla  papar t n a t a  &a a r i a ~ t r i c  
vibrrtlon of thin mlaatic ahalla. I a t l u t a a  of natural 
fraquenclaa and wdam ara obtainad tar  a aanaral e lata  of 
domar by app ly lq  tho approriutiona obtalwd l a  a pmioua  
papar by o m  of th authora. I r u r i c a l  rorulta a n  ob ta iud  
for allipaoidal rha l l r ,  and o m  u w  thaon t ica l  n r l t  la  
iound . 
12. Y i t r r .  I. A.. I. A. b l u r .  J. Y. h u h ,  .ad t. Y. I. 
Rao. %r8a Dynamic L f o r u t i a a  of k a m e  U q a ,  ?latar, 
a 3  8brlla.u A X U  J. 1, 8, 1640-1851, &. 1963. Autbora 
dawlop a f lnl ta  dlffarancu lumprd-atr1ly.r t y p  of f o r u l o t i m  
for tba dyaa lc  rarpowa of a l q l a  tam-dlraaiocul a d  axi- 
a m t t l c  atruetuna auLjoetod to  iqvlr loadima d i c b  
datorm tba atructuraa into tha plaatic m$loo. Ihr r t h o d  
eonaldora elaat ic  attain-hardoalw bahwLor. mtrain rate  
and la* daflactioaa. 
Tba raau l t i s l  a m r i e a l  wlutiocu for partleular c a u a  
a n  eoqarad witb llmited axporimntal data - p.rtteularly 
ror ncmt b r m  taata a t  f leat i ray Arucul. A c q . r i r o s  
b a r n  u thora '  LLlOry a d  a x p a r t m t  abowa ~ w r a l l y  p o d  
a#m.ra t  aItbou8b t b o n  o n  ror uuaplainad d i f k r m e a a  
ba- p n d i c t d  a d  o b u d  t i r  biatoriaa. 
A m j o r  diff icul ty in  app ly iy  thair mtbod La, aa tha 
autborr w U .  tba l a w  JrJIr  of differmea aqsationa w c b  
nqu1t.a cooriderable e q v t o r  ti-. Simplor, Ieaa c i r -  
c o v r d w  r c h d a  a n  doairable. 
13. t i n L i w l c c .  0. C., 04 Y. K. Qaun*, "Tba I i n i t a  I l r r t  
Ibtbod La l t ructural  ad Continuum Ilrch.aica.'' McGrw-11111, 1%). 
Tba p n r f u l  r t h d  of "f lai ta  al-ntan p d t a  a h o a t  a11 
prob1.r of structural a t n a r  w l y a l a ,  or tha mtalyaia of aueb 
f i a U  prob1.r u h t  tramfor a d  f l u i l  f l a .  to k pnaanud  
in a utb.utlc.1 form r u i u b l a  for wlut ion m a d h i t . 1  em- 
putor. Xbla ia  i a l i a p a r l b l a  i f  c q l a  atructuroa a n  to ba 
aconadul ly  doaip.1, not only to  aorrr eba edvm~ad nada  of 
nr-tlca, a v a  f l i f i t ,  turbiw dealpl, a d  ~ * r c l u r  u e h r o l w ,  
but alao for  uaa in such w a r a l  e ly iwar in l  fialda aa dm ad 
bridily buil4cn8. 
"%m Finite 51-t l t h o d  in Structural on4 C o n t l ~ l r  
bcbaaiea* i s  tba f l r a t  c w r e h a n a i w  tatbook m a aubjoet that 
unt i l  aa b u  boa proaonU1 min ly  in apocialiat paporb. 
Al- it ba8ina with f i r s t  pr inciplu d i a  a r a l a t i w l y  
a-la t r u t r n t  of a ul4a aabjact, tba book t.Lu tba d a r  
up to tha Irontiara of praaont-4ay roaearcb. It a h  i n c l d r a  
may emmploa of aolutlocu to p n c t l c a l  prd1.r. aucb u h a  
r a l a t m  to tha 4 u m  of clrr, nuelear ruc to rs ,  d t u r b l e u ,  
n -11 r tbora c o s c a r d  r icL rorL rcb.ntea d La 
civl1 o a $ i w a r i ~  proJ.eta. A f inal  choptor @ma d a u i l a  of 
typical c0qut.r p r o @ r u  writ- l o  lQLNW l a w  with 
c-ta m data proparation .d d h i t a l  . o l u t i a r .  
r. I g r l m ~ u l  l t b d a  
1. b p v m .  Y. I., I f ,  a d  C. I. Ir.#t. *A S W y  of tba 
Vikrt ioor  of IL.llw Spborlcal Iholla." Trau .  A U  30 I 
(J. @I. kcb . )  3, 329-336. k p t .  1%3. k p r  10 ucp.1 
to papara 5y -lor euthor alom or uitb collaborator8 ( r e .  
for a m l a .  15 (l%2), W a .  1370, IOIC) r v i k a t i m  
of a p b r l c a l  capo, Addittow1 oaparlrmtal  n r l t a  a n  
p n m M  d c q r d  ultb r r v l t a  of tbaory pwloua ly  
p r m r ~  for a-trical vibrati.r. k. date ara q iwn 
for abolla A l c b  baw 12-iwb chord; 0.5 and 1.6- lrb r i r ;  
tblclcuaua of 1/16. 118. ar4 114 inch; md botb clampa4 
a d  bi1.d adpa.  4 L l m r a t  l a  d . r a t . l y  god. Cxporluatal 
n r l t r  a n  a180 p r a w n t d  for a a v t r i c a l  vibration. & 
aothora p i n t  a t ,  lt La intorrating to w t a  that tnqaomciaa 
for c1rC.d a d  for ~ n t l o a a  cawa do not d l f h r  m a r l y .  
SIIldir prawatr Lorulaa for a m t r l c a l  v l b r a t h  kt w 
br i*  chmry; tba rw4or i a  r o f e m d  to prwiow p o v r  for r)w 
c q 1 . u  mUlytic.1 tnatm*.  
APPENDIX B 
RESUMES OF SOURCE MATERIAL 
1. HYDRODYNAMIC LOADING OF INDUCER BLADES 
The fo l lowing a r e  resumes of  t h o s e  a r t i c l e s  inc luded i n  t h e  L i t e r a t u r e  
Survey (Appendix A) from which p r e d i c t i o n  methods were s e l e c t e d  f o r  use 
i n  formula t ing  a n a l y t i c a l  models. 
a .  Exact Methods : Noncavi t a  t i  ng 
1. Durand, W .  F . ,  Aerodynamic Theory, Vol I1 (General 
Aerodynamic Theory - P e r f e c t  F l u i d s  by Th. von Karman 
and J .  M. Burgers) ,  F i r s t  E d i t i o n ,  1963; "Flow Through 
a L a t t i c e  Composed of A i r f o i l s  ," p 91-96. 
An e x a c t  two-dimensional s o l u t i o n  t o  the  b a s i c  p o t e n t i a l  
flow o p e r a t i o n s  i s  presented  f o r  both s t aggered  and 
uns taggered f l a t  p l a t e  cascades .  The s o l u t i o n  t o  these  
p o t e n t i a l  f low equa t ions  employs t h e  techniques  of  
conformal mapping. A genera l  form of  t h e  Joukowski 
t r ans fo rmat ion  is  used t o  map from the  p o t e n t i a l  flow 
about  a c i r c l e  i n  one p lane  i n t o  t h e  flow around a 
cascade o f  a i r f o i l s  (s taggered o r  tlns taggered) i n  
the  r e a l  plane.  This  method cons ide r s  i d c a l  o r  
no-I.oss flow o n l y ,  whi le  g!.\dng a so lu t io r .  t o  the  
i ' low f i e l d  i n  two dimensions. C a v i t a t i o n  is not  con- 
s i d e r e d .  This  method of  a n a l y s i s ,  however, does a l l o w  
de te rmina t ion  of  inc idence  e f f e c t s  on l ~ a d i n g  around 
t h e  b lade  l e a d i n g  edge. 
2. F a n t i ,  R . ,  "Elementary Incompressible  S o l u t i o n  f o r  t h e  
Performance o f  A i r f o i l s  o f  A r b i t r a r y  Shape i n  a n  
A r b i t r a r y *  Cascade ,I t  United A i r c r a f t  Corpora t i o n  Research 
Department, Report R-23010-12, 23 February 1953. 
An e x a c t  two-dimensional p o t e n t i a l  f low s o l u t i o n  i s  
presented  f o r  t h e  c a s e  o f  incompressible  flow through 
a i r f o i l s  of  a r b i t r a r y  shape i n  a n  a r b i t r a r y  cascade.  
This  work is a n  expansion on t h e  theory  presented  i n  
Durand (Reference 1) by von Karman and Burgers .  Sources 
and s i n k s  are a p p l i e d  a l o n g  t h e  s u r f a c e s  o f  the  f l a t  
p l a t e  a i r f o i l s  t o  s i m u l a t e  t h e  e f f e c t s  of  a i r f o i l  th ick-  
ness  and shape on t h e  p o t e n t i a l  f low f i e l d .  This  method 
of  flow a n a l y s i s  is completely t h e o r e t i c a l  and does n o t  
allow f o r  i n t e r n a l  flow losses b u t  does a c c u r a t e l y  
d e s c r i b e  t h e  d e v i a t i o n s  between t h e  s t reamlinee  and t h e  
b lade  s u r f a c e  i n  t h e  r e g i o n  o f  t h e  a i r f o i l  l e a d i n g  edge. 
C a v i t a t i o n  is n c t  cons ide red ,  res t r i c t i n g  u s e  o f  t h e  
e o l u t i o n s  presented  to  s ingle-phase  flow. 
b. Exact  Methods: C a v i t a t i n g  
1. S t r i p l i n g ,  L. B. and A. J. Carta, " C . v i ~ t i o n  i n  Turbo- 
pump," P o r t s  I and If, ASME Paper8 No. 61-WA-112 and 
61-WA-98, 25 J u l y  1961. 
An exact two-dimensional so lu t ion  to  the potent ial  flow 
equations for the case of supercavi tat ing flow i s  pre- 
sented i n  Part  I .  The method of so lu t ion  employs con- 
formal mapping techniques s imi lar  to  those used i n  the 
a r t i c l e s  presen red by Durand anu Fant i  for noncavi ta t ing  
flow. Part I1 i l l u s t r a t e s  the cavi ta t ion  performaace 
data of several  h e l i c a l  inducers f o r  various flow coef- 
f i c i e n t s  correlated w i t h  the theory from Part  I .  W i t h  
the use of semi-empirical cor re la t ing  fac to r s ,  the 
s treamlii~e theory presented i n  Part  I i s  said t o  serve 
a s  a useful basis for  design. 
Basic assumptions made i r  the streamline model a r e  
1 i s  ted be low : 
A d i s t i n c t  vapor cavi ty i s  formed by a 
f ree  streamline which i s  attached to  the 
leading edge of a l l  blades 
Flow i s  two-dimensional, i r r o t a t  ional , 
inviscid and nonoscil l a  tory 
Cavity i s  i n f i n i t e  in  length. 
These A S S U ~ ~ ~ ~ O ~ S  r e s u l t  i n  measurable deviations from 
the ac tua l  flow case. I n  pa r t i cu la r ,  the combinatiou 
of radius changes and ro ta t ion  of the inducer would 
r e s u l t  i n  s ign i f i can t  blade loadings due to  Coriol i s  
e f f e c t s ,  which a r e  not accounted for  i n  the two- 
dimensional ana lys is .  Other important reol  e f f e c t s  
include flow losses due to  f r i c t i o n ,  l e a a g e  and 
d i f fus ion  and three-dimensional cav i t i e s  tha t  collapse 
w i t h i n  the inducer. This method i s  a i s o  r e s t r i c t e d  
to  flow through cascades composed of para l le l  f l a t  
plate  a i r f o i l s .  Although t h i s  type arlalysis would not 
r e s u l t  in  sa t i s fac to ry  determination of the flow f i e l d  
within cambered inducer paesages, the exact theory 
could be used t o  indicate  flow incidence e f f e c t s  on 
and near the a i r f o i l  leading edge, including the 
e f f e c t s  of cavi ta t ion .  
Jakobson, J .  K.,  "Supercavits t ing  Cascade Flow Analysis ," 
ASME Paper No. 64-FE-ll , 27 February 1964. 
Exact two-dimensional potent ial  flow theory i s  presented 
f o r  incompressible flow through a cascade of a r b i t r a r i l y  
shaped a i r f o i l s ,  including the e f f e c t s  of cavi ta t ion .  
The assumptions that  a r e  made a r e  e s s e n t i a l l y  the same 
a s  those made by S t r i p l i n g  and Acosta. Flow i e  two- 
dimensional, i . rrotationa1, invisc id ,  and nonoecil latory.  
Cavity representation is made by a d i s t i n c t  (vap?r) 
cavi ty  of i n f i n i t e  length. lhis l a t t e r  assumption again 
allows an  exact mathematical so lu t ion  of the potent ial  
flow equations f o r  spec ia l  carer  using t h e  techniques 
of conformer1 mapping. The general theory for  flow 
through any cascade composed of blades of a r b i t r a r y  
s h a p e s  r e s u l t s  i n  a n  i n t e g r a l  e q u a ~ i o n  t h a t  c a n n o t  be 
s o l v e d  d i r e c t l y  and must  r e l y  on n u m e r i c a l  i n t e g r a t i o n  
t e c h n i q u e s  f o r  i t s  s o l u t i o n .  It is i n d i c a t e d  t h a t  a  
n u m e r i c a l  i n t e g r a t i o n  o f  r e s u l  t i n &  i n t e g r a l s  f o r  cambered 
b l a d e s  c o u l d  u e  complex,  r e q u i r i , l g  exper imen  t a  t i a t ~  t o  
d e v e l o p  conpu t . e r  programs t h e  t would be c o n v e r g e n t  and 
e f f i c i e n t .  A l t h o u g h  t h i s  p a p e r  c o v e r s  [-he t h e o r y  f o r  t h e  
most  g e n c r a l  t y p e  o f  two-d imens iona l  , i d e a l  (s t e a d y  , 
i r r o t a t i o n r r l ,  l c s s l e s s )  , p o t e n t i a l  f l o w ,  th;t o f  c a v i -  
t a t i n g  f low i n  a  c a s c a d e  o f  a r b i t r a r y  shaped  a i r f - i l s ,  
t h e  c o m p l e x i i y  o f  t h e  r e s u l t i n g  e x a c t  s o l u t i o n s  may be 
u n a t t r ~ c t i v e  f o r  u s e  i n  t h i s  program.  
c .  Numerica l  or hpproxirnaee  MeLi~vds 
1. C o o p e r ,  P.  a n d  H .  B .  Rosqh,  " T h r e e  Dimens iona l  A n a l y s i s  
o f  I n d u c e r  F l u i d  Flow," NASA CR-54836, 11  F e b r u a r y  1966.  
S o l u t i o n s  f o r  t h e  t h r e e - d i m e n s i o n a l  and q u a s i - t h r e c -  
d i m e n s i o n a l  p o t e n t i a l  f l o w  f i e l d s  a r e  p r e s e n t r d .  The 
t h r e e - d i m e n s  ior:a! a n s i y s i s  , r e f e r ~ e d  t o  as t h e  " e x a c t "  
a n a l y s i s ,  r e s u l t =  t7rorn a f i n i t e  d ~ f  f e r e n c e  r e p r e s e n t a t i o n  
o f  t h e  b a s i c  ,-ote,l*-La1 f l o w  e q u a t i o n s  . a l e  q u a s i -  t h r e e -  
d i m e n s i o n a l  a n a l j s ~ s ,  r e f e r r e d  to  a s  t h e  "approx imate"  
me thod ,  r e s u l t s  from a f i n i t e  d i f  f e z e n c e  s o l u t i o n  o f  t!~e 
b a s i c  f l o w  e q u a t i o n s  i n  t h e  hub- to - sh roud  d i r e c t i o n  w i t h  
a s u p e r i m p o s e d  assumed s o l u t i o n  i n  t h e  b l a d e -  t o - b l a d e  
d i r e c t  i o n .  
Use o'f t h e s t  b a s i c  f l o w  e q u a t i o n s  and  t h e i r  f i n i t c  
d i f f e r e n c e  sol u t i o n  i n  d e f i n i n g  t h r e e - d i m e n s i o n a l  
f l o w  f i e l d s  i s  similar t o  methods  which h a v e  been 
employed a t  FRDC as well as by o t h e r s .  R e f e r e n c e  is 
made t o  S  t a n i t z  ( R e f e r e n c e  5 ) arid S tackman (Refe r -  
e n c e  6 ) i n  t h e  l i t e r a t u r e  s u r v e y .  Both employed 
t y p e s  o f  q u a s i -  t h r e e - d i m e n s i o n a l  s o l u  t i o n s  f o r  
d e s c r i b i n g  f l o w  f i e l d s .  Use o f  t h e  method p r e s e n t e d  
i n  t h i s  r e p o r t  is u n i q a e ,  however ,  i n  i t s  t r e a t m e n t  
o f  c a v i t a t i n g  f l o w .  
Both methods  o f  a e a l y ~ i s  p r e s e n t e d  i n  t h i s  r e p o r t  a c c o u c t  
f o r  i n t e r n a l  f l o w  l o s s e s  u!!e t o  f r i c t i o n  and d i f f u s i o n  
w h i l e  a l so  a c c o u n t i n g  f o r  t h e  e f f e c t s  o f  c a v i t a t i o n .  The 
c a v i t y  model u s e d  i n  b o t h  mode l s  a l l o w s  f o r  c a v i t i e s  o f  
- i n i t e  I c n g t h  a n d  c o n s i s t i n g  o f  a ~ ~ o m o g e n e o i t s  , two- phase  
m i x t u r e .  T h i s  c a l r i t y  model d i  " f e r s  s i g n i f i c a n t l y  frorn 
t h e  c a v i t y  [:ode1 assumed b y  S t ,  i p l i n g  ( R e f e r e n c e  2 ) 
a n d  J a k o b s c u  ( R e f e r e n c e  4  ) who assumed 3 d i s t i n c t  
c a v i t y  f i l l e d  with s a t c r a t e d  v a p o r  a n d  i n f i n i t e  i n  
l e n g t h .  
The "exact" method cornple t e l y  d e s c r i b e s  t h e  e n t i r e  
p o t e n t i a l  Cow f i e l d  i n c l u d i n g  f l o w  l o s s e s  nnd 
c a v i t a t i o n  e f f e c t s  , The " a p p r ~ x i m a t e ' ~  me tbod , i : ~  
describing t h e  f l o w  f i e l d  t w o - d i m e n s i o n a l l y  in t h e  
hub- to-shroud d i r e c t i o n  o n l y ,  cannot  a c c u r a t e l y  acdount  
f o r  the  e f f e c t s  of  l e a d i n g  edge load ing  ( inc ideace)  and 
t r a i l i n g  edge unloading (dev ia t ion)  . Both s o l  ~ t i o n s  
compare favorab ly  i n  t h e  i n t e r i o r  regions  o f  t n e  inducer .  
The "exact" method , while r e p r e s e n t i n g  a good d e s i g n  s y s  tem 
capable  of  s o l v i n g  the  most genera l  o f  problems, inc lud ing  
inc idence  e f f e c t s ,  flow l o s s e s ,  c a v i t a t i o n ,  and genera l  
blade geometry, r e q u i r e s  c o n s i d e r a b l e  computing time 
t h a t  would, i n  g e n e r a l ,  p r o h i b i t  i ts  use as a p r a c t i c a l  
d e s i g n  t o o l .  
2. STRESSES AND VIBRATIONS I N  INDUCER BLADES 
1. A r g y r i s ,  J .  H. , "Recent Advances i n  Mat r ix  Methods of  
S t r u c t u r a l  Ana lys i s  ," Progress  i n  Aeronaut ica l  Sc iences ,  
Vol 4 ,  1964, The MacMillan Company, Perganon Press .  
S e c t i o n s  o f  t h i s  book o u t l i n e  t h e  technique by which a 
curved cover  can  be analyzed by r e p l a c i n g  t h e  s u r f a c e  
wi th  t r i a n g u l a r  elements ,  l'he v e r t i c e s  of  the  elements  
are f i r s t  p resc r ibed  as c o o r d i n a t e s  o f  a common co- 
ord  i n a  te s ys  t e m .  A l o c a l  plane c o o r d i n a t e  s ys tem is 
then d e f i n e d  f o r  the  element and t h e  d i r e c t i o n  c o s i n e s  
o f  t h e  a x e s  o f  t h i s  s y s  t e m  r e l a t i v e  t o  the  common s y s  tern 
are determined.  These d i r e c t i o n  c o s i n e s  are then used 
to  determine  t h e  l o c a l  c o o r d i n a t e s  o f  t h e  nodes. The 
s t i f f n e s s  nratr ix,  which is a f u n c t i o n  of  the  l o c a l  
c o o r d i n a t e s  , can then be computed. This  m a t r i x  is then 
t r a n s  formed to t h e  comnon a x e s  by r o t a t i n g  l o c a l  axes  
t o  t h e  comnon a x e s .  
2. McGrattan, R. J. an" E. L, North ,  "Vibra t ion  Analys is  of  
S h e l l s  Using Discrete Mass Techniques ,I1 T ransac t ions  
of  ASME, Journal  of  Engineer ing  f o r  I n d u s t r y ,  767-777, 
November 1967. 
I n  t h i s  paper ,  t h i n  s h e l l s  are i d e a l i z e d  by a framework 
of elastic beams t h a t  have t h e  e q u i v a l e n t  mass and 
s t i f f n e s s  o f  t h e  s h e l l .  The i n t e r e s t i n g  p a r t  o f  t h i s  
paper is no t  t h e  p a r t  invo lv ing  t h e  e q u i v a l e n t  s h e l l ,  bu t  
the  method of  t ransforming s t i f  f n e s s e s  and determining 
f l e x i b i l i t y  m a t r i c e s ,  Became t h e  g e n e r a l  s u r f a c e  is 
curved,  t h e  s t i f f n e s s e s  o f  t h e  i n d i v i d u a l  beams must be 
transformed by r o t a t i n g  t h e i r  c o o r d i n a t e  s y s  t e m  to a 
coamon c o o r d i n a t e  s y s  t e m  and t r a n s l a t i n g  from the  mid- 
po in t  o f  t h e  element  t o  a n  a p p r o p r i a t e  j o i n t .  The 
r e s u l t i n g  s t i f  f n e s s e s  are then  summed. This g e n e r a l  
method can be adapted  to t h e  inducer  problem by t r ens -  
forming t h e  s t i f f n e s s  matrices o f  t h e  t r i a n g u l a r  elements  
i n  t h e  same aranner. 
The f l e x i b i l i t y  m a t r i x  is determined by t h e  convent ional  
u n i t  load method, i n  which t h e  d e f l e c t i o n  v e c t o r  due  t o  
a u n i t  load  is a p p l i e d  a t  t h e  N j o i n t s .  
3. Utku, Sen01 , "S t i f  f n e s s  Ma t r i c e s  f o r  Thin T r i a n g u l a r  
Elements  on  Analyzed Gauss ian  C u r v a t u r e  ,I1 AIAA,  Vol 
No. 9 ,  pp 165901667, September 1967.  
I n  t h i s  paper, curved  s u r f a c e s  w i t h  doub le  c u r v a t u r e  
are t r i a n g u l a t e d  and r e f e r r e a  t o  a base  t r i a n g l e  whose 
v e r t i c e s  are t h e  nodes o f  t h e  curved  e l emen t .  Sha l low 
s h e l l  t h e o r y  i s  used and t h e  s t r a i n  e n e r g y  o f  t h e  s h e 1  1  
is e x p r e s s e d  i n  terms o f  nodal  d i s p l a c e m e n t s .  I f  z e r o  
c u r v a t u r e  f o r  t h e  e lement  is assumed t h e  curved  e l emen t s  
d e g e n e r a t e  i n t o  t h e  f l a t  t r i a n g u l a r  ba se  p l a n e  e l e m e n t s  
as w i l l  be done f o r  t h e  i n d u c e r  b l a d e .  The method of  
p a r t i t i o n i n g  t h e  bending ,  membrane, and s h e a r  s t  i f  f n e s s  
matrices, and t h e  method o f  a v o i d i n g  t h e  d i f f i c u l t y  
due  t o  c o u p l i n g  o f  bending moments and  membrane f o r c e s  
is d i s c u s s e d .  These t e c h n i q u e s  s h o u l d  be a p p l i c a b l e  
to  t h e  i n d u c e r  b l a d e  problem. 
4. T u r n e r ,  M. J . ,  R. W. Clough, H .  C. M a r t i n ,  and L .  J .  Topp, 
" S t i f f n e s s  and D e f l e c t i o n  A n a l y s i s  o f  Complex S t r u c t u r e s ,  1 I 
J o u r n a l  o f  t h e  A e r o n a u t i c a l  S c i e n c e s ,  Vol 2 5 ,  pp 805-823, 
September 1956. 
T h i s  is one  o f  t h e  b a s i c  pape r s  from which t h e  m a t r i x  
a n a l y s i s  o f  s t r u c t u r e s  w a s  deve loped .  D i r e c t  methods 
f o r  d e t e r m i n i n g  s t i £  f n e s s  matrices o f  frame e l e m e n t s ,  
s h e a r  p a n e l s ,  box beams, s p a r s ,  r e c t a n g u l a r  p l a t e s ,  
and t r i a n g u l a r  p l a t e s  are p r e s e n t e d .  These matrices are 
deve loped  by c o n s i d e r a t i o n s  o f  s tat ics  and  a v o i d  t h e  
u s e  o f  s t r a i n  e n e r g y  methods.  Of p a r t i c u l a r  i n t e r e s t  is 
t h e  membrane s t i f f n e s s  matrix f o r  a r b i t r a r i l y  shaped 
t r i a n g u l a r  p l a t e s  o f  un i form t h i c k n e s s .  
PRECEDING PAGE BLAY&M& gLME3. 
FORMULATION OF HYDRODYNAMIC COMPUTER ?&OC,RAM 
Contained in this Appendix is the engineering formulation tor the hydro- 
dynamic computer program. 
INTERNAL PROGRAM CONSTANTS 
PT - P 
NPSH = sat P 
1. INLET ROUTINE 
J, = tan 
Jk - tan - % 
-l ["(.I (2) - (1) ( I ) ]  
Find R for each streamline (RsT) by dividing the annulus area into Ni 
equal areas such that A R ~  between. streamlines equals a constant, i. e . .  
2 
R s ~  ( i )  = constant 
Find $(i) for each streamline by l inear interpolation versus radius. 
a .  Cavity Parameters (Str ip l ing  and Acos ta) 
W W 
AQ cos ( i  k=[ +wc] o ( i )  1 
ho ( i )  = T  s i n 6  ( i )  * ( i )  (l.o-w-) W s i n  (3 
2  
0 TI = ( s i n  B:il +(: ) cos ($  + i 0 ( i )  - '(1) ) ) . 
C 
r 
(w: + 2.0W cos ( i  ( i )  o ( i ) )  +w:i)) J 
2.0 W W s in  (i 
C 
C I 
2 .  MAIN PROGRAM 
- N i  R ( i ) V u  
RV, = f) 
i s 1  Ni 
R~~ = R~ + PCR AR ( 3 )  ( i )  
ik ik 
tan B - 
>k 
R tan $k = R~ 
(1) ( J )  RH (,I 
(j) AR ? 
- 
( i )  - R~~ - R i ~  (For Hub and T i p  Stream Tubes - AY(i) = A Y ( ~ )  - a*) 
= C R  - 
T( i )  
+ 2 * 0 6 *  6* = o 1s t  time through 
2 ( i )  s i n B i k  
( i )  
$T = tan 
$H - tan 
( j  ( j  -1) 
4 m  Az 
m cos ( i )  
A m  
Am - m >k ( i )  s in  6 ( i )  
a .  Deviation Calculations 
If cavity exis ts  : 
* 
( i )  + R ~ (  - h 0 i ) (i) 
= tan cos 0 - 1.0) cot P ; ~ )  
( i )  
Iterate on 8 unti l  within tolerance. ( i )  
b s i n  = R~ (cos B - I . o ) + ~  
( i )  ( i )  O ( i )  
b - b s i n  ( i )  s i n  8" ( i )  
If  no cavity ex i s t s  : 
68* = 0.0 
Power = m(i)Nb 1 
Power = NbAZe - 2 * 
R ( ~ )  sin B (i> 
rj m(i) - 2.0 Co 
(i) Power3 = - 9r 
7 sin (i> (i) 
Power , 
* 
Deviation = 6B1 + &32 + dB3 + 60 
b. Stream Tube - Flow Calculations 
* 
'? i) = B(i) - Deviation 
* f l  = ( )  - @ii) 
For hub and t ip  stream tubes : 
For other s tream tubes : 
c ,  Pressure Loss Calculation 
Call Loss Routine (Calculate KL and d*) 
d .  Radial Pressure Gradient Calculation 
AP = P ( i )  - P r ( i -  1) 
= 5:) + w ( i -  1) W = 2 . 0  
- - 
- 
- - - 
- 2 = d $  - 2  (Ew - ( i j )  i n  o - ( s i n  3 cos @ - ; s i n  sin 0 - dm dm 
Error = - - Ar dr  
e. Streamline Test  and Adjustment Routine 
The e r r o r  is determined f o r  each s t reaml ine  and compared with some 
tolerance.  I f  each s t reamline e r r o r  is within  the prearranged tolerance,  
the  program continues.  I f  a l l  o r  anyone of the  s t reamlines  is not  wi thin  ; 
t h i s  to lerance,  the  e r r o r s  of t h a t  stream1 ine  and i ts  adjacent  s t reamlines  
are used i n  the  adjustment f o r  loca t ing  the new s t reamline pos i t ions .  
Af t e r  each s t reamline adjustment has been made, the  program re tu rns  
t o  the  RST equation i n  the  Main Program (paragraph 2) .  
f .  Blade Loading Calcula t ion 
g. S t a t i o n  Performance Calcula t ions  : 
W. = W cos 
u ( i )  ( i )  
v 
m v = -  
s i n  a 
Deviation = (87,) - 8( , ) )  
If l a s t  "J" s ta t ion ,  continue. If not l a s t  "J" s t a t i o n ,  return to  
beginning of Main Program (paragraph 2 ) .  
3 . EXIT ROUT INE 
W = W cos /3 
u ( i )  ( i )  
W i )  s i n  j9 i )  (T(i, - b( i )) 
V = (  m C R 
2 ( i )  
v 
m v =- 
s i n  Q 
Deviation = (B;i) - Be) 
4. OVERALL PERFORMANCE 
END OF PROGRAM 
FLOW LOSS SUBROUTINE 
f = 0.0576 (Re ) -115 
X 
69: = 0.04625 m (i) (Re X . .
4.0fhn 
- 
 (i) 
K~ D~ 
RETURN TO PROGRAM 
:PRECEDING PAGE BLANK NOT LlWr3. 
APPENDIX D 
NOMENCLATURE 
A .  HYDRODYNAMIC 
SYMBOL DESCRIPTION UNITS 
A Flow a r e a  normal t o  d i r e c t i o n  of r e l a t i v e  
ve loc  i t y  
Tangent ia l  vapor c a v i t y  he igh t  
Dis tance  from leading edge t o  po in t  of 
maximum vapcr c a v i t y  he igh t  
D~ 
Deviat ion 
F 
f  
H 
Hydraulic  diameter  
To t a l  dev i a t i on  angle  
Tangent ia l  blade p ressure  f o r c -  
Surface  f r i c t i o n  c o e f f i c i e n t  
Head rise 
Absulute t o t a l  head a t  i n l e t  
Normal vapor c a v i t y  he igh t  
Maximum normal vapor c a v i t y  he igh t  
I dea l  head r i s e  
Absolute i d e a l  t o t a l  head a t  inducer  i n l e t  
Inc idence  angle  
Cav i t a t i on  number 
m Length along s t reaml ine  
t i  Mass flow r a t e  
Nb Number o f  blades 
N Inducer r o t a t i v e  speed 
NPSH Net p o s i t i v e  s u c t i o n  head 
p~ To t a l  p ressure  
P S t a t i c  p ressure  
APb Blade p ressure  loading 
A P ~  Pressure  l o s s  a long s t ream tube 
Q Volumetric flow r a t e  
Q~ 
Re l a  t i ve  dynamic head 
9 Rela t i ve  dynamic p ressure  
SYMBOL DESCRIPTION UNITS 
f t  Radius 
Reynolds number based on s t r e a m l i n e  
pa th  l e n g t h  
Radius o f  c i r c u l a r  a r c  approximating 
vapor c a v i t y  
Torque 
Blade th ickness  
l b - f t  
f  t 
f t l s e c  
f t l s e c  
f t / s e c  
f t l s e c  
Inducer  t a n g e n t i a l  v e l o c i t y  
F lu id  a b s o l u t e  v e l o c i t y  
F lu id  r e l a t i v e  v e l o c i t y  
Fluid r e l a t i v e  v e l o c i t y  a long  c a v i t y  
s u r f a c e  
W .  P. 
AY 
2 
A z e  
Per i*neter  o f  wet ted  s u r f a c e  
Radia l  d i s t a n c e  between s t r e a m l i n e s  
Axia l  dimension 
Axia l  d i s t a n c e  from s t a t i o n  t o  e x i t  
Angle between f l u i d  a b s o l u t e  v e l o c i t y  
and t a n g e n t i a l  d i r e c t i c n  
Angle between f l u i d  r e l a t i v e  v e l o c i t y  
and t a n g e n t i a l  d i r e c t i o n  
Angle between b lade  and t a n g e n t i a l  
d i r e c t i o n  
Devia t ion  a n g l e  due t o  vapor c a v i t y  
I n i t i a l  ang le  o f  vapor c a v i t y  
Devia t ion  a n g l e  due t o  i n l e t  inc idence  
Devia t ion  a n g l e  due t o  vapor c a v i t y  
and e x i t  d e v i a t i o n  
Devia t ion  a n g l e  due t o  i n i t i a l  c a v i t y  shzpe 
Blade t a p e r  ang le  
Boundary l a y e r  displacement  th ickness  
E f f i c i e n c y  
Lean a n g l e  of b lade  g e n e r a t r i x  
Absolute v i s c o s i t y  
Kinematic v i s c o s i t y  
Dens i t y  
SYMBOL DESCRIPTION UNITS 
f  t Blade t a n g e n t i a l  s p a c i n g  
C a v i t a t i o n  parameter  
T a n g e n t i a l  s p a c e  between b l a d e s  occupied 
by f l u i d  
Blade s p a c i n g  measured normal t o  b l a d e s  
Flow c o e f f i c i e n t  
Local  e q u i v a l e n t  d i f f u s i o n  a n g l e  
Angle between r e l a t i v e  v e l o c i t y  and a x i a l  
d i r e c t i o n  o r  head r i se  c o e f f i c i e n t  
Induce r  z n g u l a r  v e l o c i t y  
S u p e r s c r i p t s  
P rev ious  v a l u e  
Average v a l u e  between a x i a l  s t a t i o n s  
- 
- Average v a l u e  between s t r e a m  tubes  
S u b s c r i p t s  
e  
H 
i 
j 
m 
P 
re1 
S 
ST 
T 
E x i t  
Hub 
S t r e a m l i n e  number, 1, 2,  3 ---- 
A x i a l  s t a t i o n  number, 1, 2 ,  3 ---- 
Along s t r e a m l i n e  
P r e s s u r e  s u r f a c e  
R e l a t i v e  
S u c t i o n  s u r f a c e  
S t r eaml  i n e  
T i p  
T a n g e n t i a l  
B. STRESS AND VIBRATION 
SYMBOL DESCRIPTION UNITS 
P a r t i o n e d  m a t r i c e s  o f  K I IT l b l i n . ,  l b - i n ,  / r a d  
Disp lacement  f u n c t i o n  c o o r d i n a t e  Mixed 
m a t r i x  
Thickness  f u n c t i o n  c o o r d i n a t e  Mixed 
m a t r i x  
SYMBOL DESCRIPTION UNITS 
Curvature m a t r i x  3 2 Flexual  r i g i d i t y  ET /12(1  - 7 ) 
Modulus of  e l a s  t i c i t y  
Curvature coord ina te  ma t r ix  
r ad /  i n .  
l b - i n .  
2 l b / i n .  
Mixed 
Membrane e l a s t i c  c o n s t a n t s  ma t r ix  
Force i n  c.oordinate d i r e c t i o n  
General ized nodal  fo rce  column 
,F, ,Mx,M ,M 
Y I' l b ,  l b - i n .  
Unit d iagona l  ma t r ix  
S t i f f n e s s  ma t r ix  
Reduced s t i f f n e s s  sys  tem m a t r i x  
Moment about  coord ina te  a x i s  l b - i n .  
2 lb - sec  / i n . ,  I n e r t i a  m a t r i x  
2 lb - sec  - i n .  
2 lb - sec  / i n . .  
2 lb - sec  - in .  
Reduced i n e r t i a  system m a t r i x  
P ressure ,  + ve i n  + ve d i r e c t i o n  
o f  z 
Genera l ized  v i b r a t o r y  ampli tude i n . ,  rad 
Radius measured i n  x ,  y p lane  
Radius measured a l o n g  g e n e r a t o r  
Generator  o f f s e t  r a d i u s  
i n .  
i n .  
i n .  
Ro ta t ion  m a t r i x  
K i n e t i c  energy 
Coordinate t r a n s  formation m a t r i x  
l b - i n .  
Thickness o f  t r i a n g u l a r  element in .  
i n .  Nodal th ickness  column m a t r i x  
SYMBOL DESCRIPTION UNITS 
I n t e r n a l  s t r a i n  energy  
Displacement  i n  x ,  y ,  z  d i r e c t i o n s  
l b - i n .  
i n .  
l b - i n ,  P o t e n t i a l  energy  
Bending e l a s t i c  c o n s t a n t  m a t r i x  
Membrane s t r a i n  c o o r d i n a t e  m a t r i x  
Rec tangu la r  c o o r d i n a t e s  i n .  
i n .  Lead h e i g h t  o f  g e n e r a t o r  measured 
a t  hub r a d i u s  
Displacement  f u n c t i o n  coe f f i c i e n t  
column m a t r i x  
Thickness  f u n c t i o n  c o e f f i c i e n t  
column m a t r i x  
Mixed 
Gene ra l i zed  d i s ~ l a c e m e n t  column i n .  , r a d  
m a t r i x  lu v w e; 8 8 
Y Z  I T  
S t r a i n  in x and y d i r e i t i o n s  
Shear  s t r a i n  rad  
Membrane s t r a i n  column m a t r i x  
Wrap a n g l e  
R o t a t i o n  abou t  c o o r d i n a t e  a x i s  
i n . / i n . ,  r a d  
d e g  
r ad  
Gene ra to r  l e a n  a n g l e  
P o i s s o n ' s  r a t i o  
Dens i ty  
Coord ina t e  m a t r i x  
N a t u r a l  f requency  o r  a n g u l a r  
v e l o c i t y  
i n .  
r a d l s e c  
Column m a t r i x  
I I 
cos (x,;), e t c .  
Determinant  
Cosine o f  a n g l e  between x a x i s  
i n  common and 7 a x i s  i n  l o c a l  
sys tem 
SYMBOLS DESCRIPTION UNITS 
Superscripts 
Subscripts 
Refers to  local  coordinate system 
Transpose of  matrix ( 1  
Bending 
Centrifugal 
Inducer hub 
Parameter a t  node "it '  (1 ,2 ,3)  
Membrane 
Inducer t i p  
Matrix o f  nodal, parameters 
Sys tem matrix 
